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Communication among participants
during the process of building
mathematical meanings






MATTHEW'S STORY ABOUT FALLING TRIANGLE

Ewa Swoboda*, Edyta Jagoda**

*University of Rzeszoéw, Poland, **Public School no.1 Rzeszéw, Poland

The domain we are dealing with is the understanding of geometric
transformations. Our assumption was to start from student imagination related
to the physical movement of objects, and on the basis of their own solutions lead
the mathematization of motion. Studies have been carried out on a small group
of selected students from classes V and VI (12 - 13 years old). We have planned
to link teaching with what the student is doing spontaneously. We used reference
to the actual motion of the rigid figure in the physical space to enter the
student's understanding of mathematical isometric transformations. However,
the student does not perform here a series of well-planned exercise, leading to a
fast and reliable describe of the transformation. Analysis of this meeting
highlights several important facts:1.in the domain of basic geometric intuition,
the main tool for transmission of information is the image and gesture, 2.
observations argue that the appropriate use of language can be a tool for
supporting the transition to a higher level of understanding of the geometric
concepts.

INTRODUCTION

Talk about geometric concepts in a class of is a difficult issue. This is
particularly evident at the non-formal level, not only because of the narrow
scope of student’s scientific vocabulary. Theories about the formation of
geometrical concepts emphasizes that the origins of geometrical knowledge
proceed without words, and the flow of information often takes place through
other channels: visual or through gestures (van Hiele 1986, Hejny 2001). These
theories also emphasizes that a tool which assist in the transition to higher levels
of understanding is the spoken language. This is why the use of language during
geometry lessons is treated as didactical challenge.

The second important issue for us is associated with the formation of dynamic
images for geometrical relationships. Dynamic cognitive processing of images is
a key factor in solving geometrical problems (Szeminska 1991). However, the
first geometrical knowledge is static — consists on shapes identification or
perceiving position object-to-object (Vopénka 1989, Swoboda 2006). To give
a dynamism of images is another educational challenge.

Is it possible to take these two challenges at the same time? Attempt to deal with
such challenges is presented in this paper.
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The domain we are dealing with is the understanding of geometric
transformations. Textbooks' approaches to transformations are necessarily static:
textbooks' authors can use only drawings or definitions. Dynamic understanding
of the transformation is often supported by computer programs (eg. Cabri or
GeoGebra, various applets with possible observation of the effects of mirror-
reflection or changes objects’ position by rotation). Environment is designed so
that the student uses the transformation already defined, does not create an
image of figures (although it is possible) and the goal of learning is to observe
the effects of the transformation and to distinct its property.

Our assumption was to start from student imagination related to the physical
movement of objects, and on the basis of their own solutions lead the
mathematization of motion.

MANIPULATIONS AS A BASIS FOR LEARNING GEOMETRY

There are many publications dedicated to child's actions for creation of
geometric concepts. Some of them are related to the use of various objects to
manipulate (manipulatives, or virtual manipulatives). However, in general,
activities were organized so that the child rather focused its attention on the
final effect of manipulation and not on the performed movements to achieve
expected effect.

There is still not so many researches about how students represent the
movement, although these are beginning to appear (Kotsopoulos et al, 2014
Kufina, Ticha, Hospesova, 2008). Children's drawings depict different ways to
express motion - may be arrows denoting the direction of the road (moving on
the map), or attitudes of people and animals in motion.

Among the studies on the understanding of geometry there are also those that
are focused on the analysis of the movement as such - they are either researches
of the perception of movement by the student, or of the importance of children’s
movements during problem solving (Swoboda 2013, de Freitas, McCarthy 2013).
This may indicate a grow of interest in this research area.

In general, research results show that the children’s assessment of static
symmetrical relations is largely correct (Bulf 2011, Xistouri 2007). Among
isometric relationships spontaneously performed by 4-10 years old children
axial-symmetry or parallel transformation are the most common (Jagoda,
Swoboda 2010). Static reception of object to object relationship does not
guarantee that these images are synchronized with dynamic interpretation.
Although it is believed that each of the geometric transformations is, for
children, a prototype of the movements and transformations of physical objects
with the reality that surrounds us (Siwek 1998), but unfortunately, this belief is
not supported by research. On the contrary, it appears that awareness of the use
of movement can come to students with difficulty.
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METHODOLOGY

Studies have been carried out on a small group of selected students from classes
V and VI (12-13 years old). They are those students who have no problems with
mathematics and are open in their contacts to others. The whole research
consisted of a series of meetings aimed at bringing the students to describe the
mathematical feature of these movements in the physical space, which can be
the prototype of isometric transformations of the plane.

During each session only two students and two researchers were present. We
treat them as a pilot study prior to the main stage of research.

According to the curriculum, teaching about geometric transformations starts
from axial symmetry treated as a mirror reflection. In the subsequent years of
schooling students learn about axisymmetric figures, then the concept of
congruent figures is introduced. Therefore, for students participating in the
study, concept symmetry was associated with the mirror reflection, because in
this area they have the biggest experience. They were not familiar with any other
geometrical transformations. If they had some intuitions in this field, they were
built out of math lessons.

In the first part of the study students have worked in pairs. This was intentional,
to give them the opportunity to talk with each other, to share ideas. In addition,
the teacher and the observer could ask students questions, thus provoking them
to verbalize their activities or to explain the meaning of certain actions. The
conversation had to be the main source of information about how the task is
realized.

Students received a small book (size 10cm x 10cm) with 30 clean sheets and a
template of a triangle. During the work they had an access to a basic geometrical
instruments (ruler, set square, compass, protractor).

Teacher has presented a problem to the students in the following way:

Teacher: You are well familiar with cartoons, | guess. Creators of such films make
a series of pictures, which, when quickly viewed, look like a movie.
Look at the drawing of a butterfly in this book (shows that a
butterfly drawn in the corner ‘waving’ wings). This butterfly's wings
are waving. | have a booklet, which also will be well-leafed (she
shows it) and | have prepared a template of triangle.

We would like you to draw a triangle in this book and made the
animations, that it changes its position.

The aim of the research was to find answers for following questions:

e Does the statement ‘change of position’ will be understand by students as
a change in regular, continuous movement?
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e Among these movements, can physical prototypes of geometric
transformations such as rotation, parallel translation, possibly
combination of these transformations be distinguished?

e |f such prototypes occur, how far will their implementation adhere to the
mathematical representatives of such concepts.

e What will depict this movement - words (what kind), gestures (what
kind), drawings (what kind)?

e Which of these representatives will fall within the definition of a
geometric transformation.

THE ANALYSIS OF MATTHEW’S WORK

In this study we will be focused on the selected parts of 13-year old student’s
work. Matthew was a dominant personality in the analyzed group of students.
Only in certain parts of this session the collaboration with a colleague consisted
of a common discussion. Apart from this, Matthew used friend’s comments.
Sometimes it resulted in paying attention to important parts of his own work,
sometimes gave the opportunity to verbalize own views, to seek arguments.

Posing the problem before the students have provoked them to a discussion.
From the beginning the students directed their action in continuous and regular
movements. The first issue which they wanted to clarify was associated with the
type of movement. These movements, however, they presented only by gestures:

\

Fig. la Fig. 1b
Matthew: the location, in the sense that ... (here the student shows one movement on
the bench — he puts two pointing fingers of both hands together and then one arm
moves parallel, Fig.1a), ... and maybe such that it turns? (one finger resting on the
bench, and the other is doing the rotation, Fig 1b.)

Matthew, thus, has distinguished two types of movements, which are intuitive
equivalent to parallel shift and rotation. He marked the trajectories of those
movements: the first was a movement on the straight line, the second — on the
circle. The trajectory was, thus, the first element differentiating rigid motions in
the plane.

Later, the student had a desire to present a parallel shift. The second boy -
Michael - accepted the idea of his colleague and let him realize it, despite the
fact that he had a different idea for the task. Eventually boys created separate
and different animations.

When Matthew decided on how his triangle will change its position, he started
to draw. Course of his work indicates that he mixed random elements with
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planned ones. The boy was constantly accompanied by afterthoughts, he has
checked his work, corrected, commented.

Fig. 2a Fig. 2b : of
The first element, which he decided to establish was a trajectory.

Matthew: But first, | will make a pencil line on which it would move (he moves
his finger down from the top card, then shows the line by laying
hands (Fig.2a, 2b)). The line, to know as it will be moved (he

arranged a vertex of the triangle on the imaginary line and moves the
triangle parallel down the line).

Matthew indicates two elements that are important for him. The first one is the
track, which is represented by a straight line. He also justified why this line is
needed - it is designed to maintain a constant direction. It means that he is
thinking about the vector of displacement, which is constantly in the same
direction, although, of course, he is not able to express it in this way.

However, although only by gestures, he express some of the properties of this
shift - the movement maintains parallelism of sections in subsequent stages of
the movement. He is fully aware of this fact, and such a goal he wants to
achieve. This is confirmed by a conversation with a friend who suggested some
modifications:
Michael: And it can make a little turn (doing movements in wrist over a fixed
triangle, Fig.3).

Matthew: If so, it may be the animation as if falling (by both hands he alternately
shows the movement as of a falling leaf) on so that it was, but rather
it will go down like this (shows a parallel shift).

During further work, this topic came back again. After a few filled ‘slides’
Michael again suggested to return to a falling leaf motion (Fig. 4). Matthew,
however, was not to be persuaded to change plans. He convinced his colleague
and his verbal arguments were illustrated by movements of his fingers (Fig.4, 5).
Matthew: If we failed, it would be so (he shows an alternating movement with his
two fingers), and | mean it would be all the time as such (holds two

fingers stiff and makes the rigid motion from top to bottom). (....) All
the time falling down.
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Fig.4 Fig. 5

Matthew and Michael talk about different movements. Matthew wants to pursue
a rigid motion, in which all points of figure move at the same pace. Physically,
we can say that all the points of the figure in a specific unit of time are
characterized by the same vector of displacement. The whole discussion is
effectively supported with gestures. The expression of these movements by
words is probably too difficult. It is clear that the vocabulary of boys does not
refer to geometrical names. The word ‘parallel” does not appear spontaneously
even though it functions as an indicator of the accuracy of the solution. Matthew
uses very inaccurate terms: it would be so ... and my point is that it was so .... -
They have sense only in connection with the performance gestures. These
gestures are a code, carrying basic information.

After discussing the task Matthew proceeds to draw his animation. He starts on
the first page at the top - he draws the first triangle. Instead of drawing a line, he
marks one point on the top edge of the book, going through tops of all following
pages. Perhaps in this way he wanted to avoid drawing additional lines on cards.

Matthew: We will measure how many cm. from the wall, from the edge of the

paper (he measures) so, as 5 cm, then we will look, we will ride here
(he shows).

The statement confirms that the boy wants to maintain a constant distance of the
highlighted points of the figure from the edges of cards, which determine the
path of movement (trajectory) as precisely as possible. Implementation of this
idea is as following: Matthew puts the figure slightly below the selected point
and draws a triangle heavily. He focuses on two elements: the vertex of the
triangle should be placed on the track marked by the highlighted point and
subsequent drawings of triangles remained parallel position of the sides.

That parallel sides proved to be easy when the boy noticed that the drawings of
the previous sheets reflected their mark on the following pages. This had a place
already while drawing the second ‘slide’. He commented on this fact:

Matthew: super, how cool, do not even need ... (puts triangle slightly lower than
marked contour, maintaining the parallel position of the sides of a
triangle).

The statement is incomplete, the boy merely remarked that reflected contours of
the prior position are treated as an unexpected hint for finding the current
position of the triangle. From that moment, his attention was focused not so
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much on the movement of the triangle along a single line, but on maintaining a
visual parallel position of the sides of consecutive triangles. In that case, the
whole movement is broken into a series of relationships: geometrical figure - its
image. Analysis of his work in this regard shows that these relations a constant
vector of displacement remained.

TEACHER’S INTERVENTIONS

The questions asked by the teacher aimed at discovering and naming some of
the features of movement realized by Matthew. The boy’s reaction on teacher's
questions shows that often he was not aware of some of their actions, nor their
validity. Matthew often has repeated: | did not think ... and | have no idea.
However, after a momentary thought, he could give the answer indicating the
realization of these compounds and assessing their suitability. Conducted
conversation with the teacher was a tool to assist in abstracting the relevant
mathematical relationships, which are the basis for further defining the concept.
It is also an opportunity to connect them with his previous mathematical
knowledge.

Example 1:

Teacher: And these contours are something you need?

Matthew: Contours? No, I even didn’t know that they will bounce, only this line
... but it's better for us because we can see that (he stops drawing,
moves finger on the desktop down Fig. 6) that is pushed away from
the contours, which we drew a second ago.

Fig. 6

Again, Matthew is in trouble with the description, he prefers to support his
speech by the gesture. He states that he didn’t plan such an effect, what he has
planned was a trajectory for the vertex (only this line ..). However, he is
satisfied with it — in this way it is easier to create the figure in relation to its
previous image. In this relation, it is important to preserve the parallelism of
corresponding sections. The word ‘push away’ is used here in a special sense, as
‘to move with a constant vector’.

Example 2:

Teacher: So, here you think that the path, the track is important. What else is
important?

Matthew: Oh yes, that as a triangle is so (shows one position) is that the triangle
does not rotate so (he shows - slightly rotated triangle using one of
vertex as a centre) that the animation will show the right fall.

Teacher: Can use the word ‘parallel’?
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Matthew: Oh, (surprised) ... but ... can be (smiles).

Matthew knew from school notion of parallel line, parallel segments. The use of
the word in the new situation clearly surprised him. You might be wondering
why. Probably the parallelism was associated only with the static relationship
between two objects (straight segments) or he used it to describe the properties
of figures (e.g. parallel sides of the quadrangles) and not the behaviour of the
figure in motion, even in his animation he has kept this condition. Clearly he had
to rebuild the relevance of parallelism, assimilate it to the new situation.

Example 3:
Teacher: Will it fall quickly or slowly?
Matthew: I have no idea. It will probably fall slowly ......
Teacher: How do you know it?

Matthew: | ... am moving very slowly .. because every card that | move a half ...
or less than about half cm ... 4, 5 windows per second ... it's ... | do
not know how to count.

Teacher: And you think it will be as a regular move, or maybe will it have some
steps - fall faster, slower ...

Matthew: Maybe it will, but looking at the fact that I'm still doing almost the
same, in the same line at the same distance from the previous one, it
probably will decline at a similar rate.

The intention of the teacher is clear - she wants to talk about the length of the
vector of translation. She does not expect the only right answer, does not
highlight the important things. She gives him time to think, to search for the
right words. The student refers to his own actions and on the basis of this he is
trying to give an answer. We can see that this is a process of reflection. Matthew
supports his answer by the idea of an animated film in which the tape moves at a
constant speed (per second, 4.5 windows). Therefore, the rate of the object’s
position change can be obtained only by changing the length of the displacement
vector. For this vector Matthew wants to maintain a constant length. Thus, the
translation vector with all its attributes: the trajectory, the direction and the
length, unambiguously defines the changes of position that Matthew wants to
realize in his animation.

STUDENT’S REFLECTION

While observing the work of the students we had the opportunity to observe how
they reflect on their own actions. Often they were looking for ways to improve
expected effect, sometimes — they have made new discoveries.

Example 4:

After a few drawn ‘slides’ the students decided to test the effect of their actions.
Boys are trying to flick through a notebook but it does not go fluently. Finally,
Matthew takes a book and starts flipping through the end. With astonishment, he
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states that the movement is in the opposite direction than he has planned and
executed by drawing (Fig. 7).

Fig. 7

Matthew: As such, it is ... but then it will be followed up, because here there is this
... because yes, it should be from the bottom.

When planning his animation Matthew started from the first sheet of the
notebook. Thumbing from the end he saw something different than planned. He
found the explanation for this phenomenon. He commented that if someone was
watching his book from the end, for an effect of a falling triangle it is necessary
to start drawing from the final position, this means from the bottom of the card
(because yes, it should be from the bottom). These are insights related to the
properties of the shift. Matthew noted that the inverse transformation to the
performed shift is also a shift, but with the opposite direction.

Example 4:

Matthew: (browsing a book to trigger the animation) Oh, my triangle probably fell
a little to one side - dropped in this way. Well, a little removed,
ajajaj .. It did another way, it went more to the side (he shows the
edge of the triangle close to the greater angle, the right side of the
triangle), and moves more to this side (shows two different edges of
page in a booklet). Yet these lines would have helped, this grid
would help, however, that would not descend from this line.

This is another example showing that the student is trying to adjust their own
actions to imagine of rigid movement - parallel shift - taking place in accordance
to the accepted intuitive vector displacement. For him the planned vector had to
be parallel to the edges of the paper. Here, the real shift took place in a slightly
different direction than we had planned. He estimates where a mistake was made
(it went more to the side and moves more to this side) His animation doesn’t
present the vertical motion, but the combination of two movements: vertical
downward and horizontal, in the direction of one of the edges of the cards. His
further statement (and yet these lines would have helped me ..) is an informal
term for the trajectory of one of these vectors.

MATHEMATICAL ANALYSIS OF MATTHEW’S WORK

Matthew is an example of a student who is able to retain features of the parallel
transformation. His action is described by paradigms which are different than
those found in the formal definitions. However, the mathematical analysis of
these designations indicates that in their bases there are the same concepts that
appear in the definition, or which result from the definition. For Matthew
important were:
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A. Features of the vector

1 The line of the vector, identified with the trajectory. The movement of
highlighted points of the figure took place on the track. Matthew has marked the
trajectory by hand movement or by its appropriate location. Speaking about the
trajectory he has used the term ‘line’ in the sense of ‘straight line’. The
trajectory of the movement is treated as a rail line. He could recognize the
change of directions, especially those unscheduled.

2 Direction of the vector was presented by gestures or indicated by the initial
and final position of the triangle. In addition, Matthew has described the
direction in words using informal terms, treating the edges of the cards as
highlighted strategic objects: from top to bottom. He was also able to see how to
trigger the movement into opposed direction.

3 The length of the translation vector, associated with the ‘monotony of
movement’. Matthew tried constantly keep the same distance between the
position of the vertexes of the triangle on the following slides. In his view, this
would give the effect of falling at the same speed. If another position of point A
isdenoted A, A", ...., than |JAA| = |A'A"|.

B. Characteristics of the transformation

1 Maintenance of parallel segments from one slide in relation to the
corresponding segments on the next slide. This feature was so obvious that it has
become a major attribute of the whole movement. It obstructs using the other,
initial characteristics. Mathematically, the relation of parallelism took place:
AB||AB'

2 Maintaining the lengths of the segments. This fact has been imposed by the
use of the template. Therefore, it has been undertaken intuitively. Matthew has
not manifested any interest in enlarging or size-reduction (nor other
deformations of shape), which is consistent with intuition of motion of a rigid
figure. Mathematically it corresponds to the condition of the isometric
transformation.

In Matthew’s work so many very important elements occurred. They have a
direct relationship with the approach to teach an isometric transformation. Thus,
building the concepts on that representation can make the image of this
mathematical concepts not only mathematically correct, but dynamic, too.

Observations of other student’s work while performing this task confirm that the
parallel shift is for them intuitively determined by the vector. The trajectory of
the figure indicates the line of the vector, direction is exhibited by determining
the initial and the final position of the figure. The hardest thing is to find proper
words (specify verbalize, express by gesture?) the preserved length of the
vector. Nevertheless, these three components exists while transforming figures.
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But how far Matthew himself is aware of the validity of their actions? How far
he is able to connect it into IMS" he possessed? It is obvious that this requires a
large help from the teacher.

SUMMARY

Observations led in a larger group of students has shown that children's
intuitions are different. It is a good phenomenon because this natural
differentiation can help highlight those elements that are essential for geometric
transformations. On the other hand, the results have shown that the answer to the
research question is not clear-cut and their application in mathematics teaching —
IS not immediate.

In Matthew’s work we could see that

* The statement ‘changing position” was understood by him as a regular change,
triggered by the continuous and steady motion on a straight line. It was a
movement that may be taken as a prototype of a parallel transformation.

* Implementation of this movement is connected with all properties of
mathematical concepts.

« The description of motion was made mostly by gestures. In this way, the
trajectory of movement and the simulated position of the object in successive
phases of the movement was presented. Possibility to create drawings that
Matthew performed alone was very important. In those pictures he contained all
the relevant intuitions. On the contrary - words that have used for describing the
movement were far away from geometrical terms. Even those that were known
from prior schooling, did not apply to the new situation. It turned out that the
mathematical vocabulary is hardly engaged in the description of intuitive
operations.

Analysis of this meeting highlights several important facts. They are described
in the literature, and here were confirmed:

1 In the domain of basic geometric intuition, the main tool for transmission of
information is the image and gesture.

2 Observations argue that the appropriate use of language can be a tool for
supporting the transition to a higher level of understanding of the geometric
concepts. In the described situation, Matthew has worked on an intuitive level.
Appropriate naming of his performance, awarding items important for
mathematics, should help distinguish them from all actions, give them the
appropriate status. Here is the great role of the teacher, who often should prompt
appropriate formulation that student can adapt to new situation.

It is not enough to provoke the student's own actions which we plan to use in
schooling. A further, very thoughtful action of the teacher is needed. The role of

Inner Mathematical Structure, in the sense describing by M. Hejny
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the teacher is to find these components in student activities, which are used to
define the concepts. Description built on earlier student’s activities should
highlight the mathematical properties of the concept and eliminate from its
image everything which does not fall within the concept.

Hence, a conversation with a student can’t proceed in a detailed, planned way.
The teacher must assess student's actions from the perspective of the created
concept, pays attention to these important elements of the student's work that
will be useful for the intended purpose. Then induce reflection on these
elements, which should be completed - if not on definition - then at least at the
awareness of their use.

Individual classes (such as those described) must therefore find its continuation.
FINAL REMARKS

In the current approach to teaching of mathematics that refers to specific student
activities, educational planning proceeded in a clearly defined framework.
Teacher should conduct a first analysis of the mathematical concepts towards
extracting those activities that were the basis for mathematizing. Then, he
should plan student’s activity in such a way that undertaken actions could create
the basis for mathematical concepts. This tradition functioned in Poland as the
concept of "Action Based Teaching of Mathematics®’, developed by
Z.Krygowska. In our paper the problem is treated in a little different manner,
because we plan to link teaching with what the student is doing spontaneously.
From the position of teacher, we used reference to the actual motion of the rigid
figure in the physical space to enter the student's understanding of mathematical
isometric transformations. However, the student does not perform here a series
of well-planned exercises, leading to a fast and reliable describe of the
transformation. Although he has used his experience which a teacher rated as
useful for building a mathematical concept, he has acted in a way that made
sense for him. Observation of such actions is telling us to what extent the
student’s experience can be referenced. Only the recognition of these activities
may be the basis for the next stage of mathematizing which will be attended by
both - the student and the teacher.

In Polish ,,Czynnosciowe Nauczanie Matematyki”, translation of the title proposed by Stefan Turnau.
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The term CLIL (Content and Language Integrated Learning) was coined by
David Marsh, University of Jyviskyld, Finland (1994): "CLIL refers to
situations where subjects, or parts of subjects, are taught through a foreign
language with dual-focused aims, namely the learning of content and the
simultaneous learning of a foreign language.” In this work I refer to the problem
of communication on Math classes emerging from the use of a mother tongue
(L1), a foreign language (L2) and the language of mathematics, as well as the
specific features of the two languages (L1 and L2). | am also giving an example
of communication in the course of students' unassisted task solving in French
(L2), by analyzing the difficulties and their possible reasons.

INTRODUCTION

Double language (bilingual) classes with French were first established in Polish
high schools in the school year 1991/92 (Gajo, 2005). The students of bilingual
schools take their Polish “matura” Math examination as well as a Math exam in
French. This is why bilingual teaching in Poland follows the curriculum
requirements and assumes the acquisition of the subject terminology in both
languages. One of the general curriculum requirements at all stages is the use
and generating of information. A student should be able to interpret a
mathematical text (and after having solved the task, should be able to interpret
the obtained result), create their own texts of mathematical character and use
mathematical metalanguage to describe their reasoning process as well as the
obtained results.

Communication related to the language of math

The language of math can be compared to any other foreign language, with its
lexis and grammar (Usiskin 1996). A very interesting view is presented by
Weinzweig (1982) who called mathematics an "extension of language".
According to him language of mathematics involves visual and sensory thinking
which is not part of ordinary language. Another common opinion is that it is a
universal language from a notional point of view, after all it describes the world
we live in. However, the way the objects are described, can be different in
different languages. The role of the mathematical language in the math
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learning/teaching process is the subject of didactical studies (i.e. Ellerton &
Clarkson, 1996, Pimm, 1987).

Undoubtedly the language of math has its own characteristics, but similar to
other languages it serves communication. In the course of teaching we observe
continuous communication between a teacher and a student, which takes more
or less active forms and is oriented to a didactical purpose. The communication
is performed by the natural language as well as the one of mathematics. As
Stefan Turnau (1990) writes:

“The language serves the communication of information, most of all to another
person, and in the course of mathematical activities, also to the person themselves,
in order to make use of or to transform it by the receiver. The symbolic language of
mathematics has also another, extra function: it serves to transform the information
it includes.”

Differences between the Polish and French language of mathematics

In bilingual teaching communication is additionally performed in a foreign
language. In case of Polish and French mathematical languages there are certain
differences in the symbols, mathematical terminology and in the applied
algorithms. Even the name of the subject is different, since in Polish it is
singular while in French it is plural. It is well known that the mathematical
language is closely related to the colloquial one, it contains homonyms, which
can cause some problems in understanding certain ideas (i.e. sens, face, milieu,
centre...).

Teaching math in French | have observed the students' remarks: ,,We do not
understand this in Polish, not even mention in French”. This is why the mother
tongue should be used at the notion introductory stage for better understanding,
at the same time accompanied with learning the foreign terminology referring to
that notion, also to facilitate the smoothest communication in class. These are
also the students' suggestions participating in the bilingual math learning
process.

Assessment test as one of communication forms at math classes

| would like to concentrate on one of the forms of communication occurring
during math classes, that is on the assessment test, with the application of H. D.
Lasswell's model of communication (Goban-Klas, 2009). It consists of five
succeeding elements as the answers to the following questions:

Who?

Says what?

In which channel?
To whom?

With what effect?
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The teacher is the Sender, who formulates the message (he/she prepares the
tasks) in order to present it to the student in a written form (encoding the
message). The student reads the meaning of the message through its decoding.
The student tries to understand the task and to interpret it as well as to
accomplish the task as it is instructed in the message. Then the receiver gives the
sender information about the way of understanding the meaning of the message
and performing the task. The feedback is in a written form.

That seemingly very poor form of communication (since it is lacking a natural
interaction between the sender and the receiver in the course of solving the task)
is an indispensible element in the didactical process, because it serves to control
the students' behaviour in the area of mathematical activity. The feedback
information concerning the mistakes made by the student stimulates the teacher
to ponder on the course of the teaching process. Analyzing the solutions, the
teacher learns about the extent to which particular topics have been acquired by
the students, the teacher also deliberates on the causes of errors and the
difficulties that have occurred. It allows to properly plan the lessons to come in
order to fully perform the intended goals. With the use of evaluation,
commentary and discussion, the teacher communicates the student very
important information about their progress and gives the student further
directions for their activities. That form of communication may favour
motivation, since through it we make the students aware of our expectations,
how they can improve their effectiveness, or what kind of errors they make.

The student's communication (interaction) with themselves in the course of
unassisted problem solving, that is in the course of mathematical activity, is a
very important stage of an assessment test. Its result - the output message - is the
record of the task solution. G. Polya (1945) differentiates four stages of problem
solving:

e understanding the task;

e making a plan for the task solution;

e performing the plan;

e looking back" — checking the solution.

The understanding of the task is indispensable for the task solving. That activity
very often is difficult for the students, both those who study math in their mother
tongue, and those who do it in a foreign language. This is connected to a big
extent with the abstract character of the language of mathematics and its
specific features.

Research characteristics
The goal of the research is an attempt to answer the following question:
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What is the communication process connected with unassisted task solving in a
foreign language in the course of an assessment test characterized with?

The research has been performed on a group of 17 students of grade 3 at the
Bilingual High School in Poznan (including 12 students of advanced math
curriculum), who I taught this year (from January to April) a 13-hour (once a
week) preparatory math course in French because of the absence of the teacher,
who had taught them math in French. The research tool was assessment test
tasks. | have applied the following methods in my research: the analysis of the
students' tests and observation of their work in class. The aim of the classes was
to prepare them to a bilingual matura examination with a particular attention to
the subject terminology. Those students represent a good command of French
(B2+ or some of them even C1 levels). During the course the students mainly
solved the sample matura exam sheets and they performed lexical exercises. The
sheet for the math matura exam for bilingual classes consists of tasks (the
number of which is different depending on a year), which can be given
maximum 30 points. The content of a sheet covers the math material for a basic
level. It mainly checks the level of math French vocabulary acquisition. In 2013
the sheet contained 17 multiple choice and open (short answer) questions. The
time to complete the exam was 80 minutes. Most third grade students solved the
sample sheets within 45 minutes. To sum up the classes there was a test
consisting of 15 tasks originating from matura exam sheets, (most of them had
sub-questions), which could score maximum 45 points. So they had to solve
more tasks than at the matura exam, but in a shorter time. In spite of that most
students completed the task before the time limit.

Research results and conclusions
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Figure 1- A student's 1 work, basic level (47%, M 3, Fr 4)
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Here are examples of two students' work pieces from a basic level (Figure 1,

Figure 2, Figure 3) and one from an advanced level (Figure 4)°.

Exercice 10 (7 poinis) o
Dans un repére orthonormé du plan, on considére le tnangle ABC définl par ses sommets

A(2.8), B(4:2), C(13;5) Dessiner le tnangle ABC dans ce repére

A 3

A partir du dessin, compléter les phrases ("' 0 (
7 =5

k7= (%= {10

a) La longueur dusegment [BC] est égaled 2

7
La pente de la droite passant par les points B et C est un nombre égal & s ‘j
N@’lr{’@v J& (AAL ISV

b

La droite passant par les points A et 8 est

c
4 la droite (BC)

d

La droie pem:-culrmc A un segment qui passe par son milieu est appelée

N7 %
e) Le point S de coordonnées ‘D( &’ :77) est le centre du cercle circonscnt au trangle
18C = .
f) Le rapport entre, le,coté opposé @ I"angle BC-Ifcl I'hypoténuse est égal

A C
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Exercice 12 (3 points)
Compléter la phrase
rsque |'on fait toumner le tnangle ABC rectangle en 8 autour du cdté [.45]. on obtient

5 UI)Q« dont le segmenl&: est le rayon de la base et le segment .;% est

sa hauteur

8 C

D

Figure 2- A student's 2 work, basic level (76%, M 3, Fr 3)
The student commented on the last statement in the following way:

3 In the brackets there are percentage results of the students' exams, parts of which are presented, as well as
their final grades in Math and French. The scale of grades is from 1 to 6 (6-excellent, 5- very good, 4- good, 3-
satisfactory, 2- acceptable, 1- unacceptable).
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In Task 16 1 was not able to come up with the right answer, although I

translated the last sentence and, in general, it is also true.”

Exercice 12 (3 points)

Compiéter la phrase
Lorsque I'on fait 1
A

auteur

,- BC rectangle en 8 autour du cié [4
ltq est e myon de la base et le segment

m doat le segmer

Exercice 16 (2 poinss)

Compiléter par les mots de la liste de

A Rineut
B. mangle

C. tapéze

D. cercle

E. ceatre de symétne
F. axe de symétne

e anad/v;

sorte que les phrases cr-dessous soient vrases

o' de CC"'m dé SL,"’M.

£B)]

Figure 3 - A student's 1 work, basic level (47%, M 3, Fr 4)

Task — Exercice 13 (3 points) for the calculus of probability, apart from sub-
point b), caused a lot of trouble to the students. In sub-point a) only one of the
students gave the correct answer referring to the ordered pairs. In the discussion
afterwards the students pointed to an ambiguous form of that task. Moreover,
that kind of tasks had not occurred in Polish math handbooks, although students
learn about the idea of an ordered pair. In sub-point c) only 24% students
correctly calculated the probability of event A. Figure 4 is an example of a
correct solution to sub-point c). It can be assumed that there were the following
stages of solving this problem (Figure 4):

using combination formula instead of permutation formula (later he
calculated the number of outcomes in the sample space, but we don’t know
in which way);

verification and abandoning that strategy of solving (claiming eventually
that "no" (in Polish “nie”);

writing out number pairs and counting them which are the number of
outcomes in event A (the student understands more or less consciously that
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those are ordered pairs, although he did not give that answer explicitly in
sub-point a);

- giving the answer (he did not notice that the fraction could have been
reduced).

According to most students the matura examination tasks are not difficult
because of the mathematical content. Here are some of their opinions:

Exercice 15 (3 points)

De I'ensemble des nombres entiers {1, 2,3 7). on tire successivement sans remise deux Iz o
fois un seul nombre Compléter les phrases } [ %7 ’; ":; ;; )
i : o
a) Les événements élémentaires sont toutes les pawes . fl” dont s y i ] D,
15 =9 A
les éléments parmu {1, 2, 3 7} sont differents 69 96 \
Va2 53
b) L’événement 4 —a le produnt des nombres tirés est divisible par 5 », se produit lorsque \‘] < I
— 1 ¢
% v 2 P4 b
I'un des nombres tires sema £ s LT A\ A
Az G Za% 5 < {/J o w2
_— - = )
¢) Laprobabilité de I'événement A est égale & 4y = 29 ol &
Exercice 16 (4 points)
Apres développement, la surface latérale d'un cylindre est un carré dont I'aire est de 367
Compléter les phrases
|
eI H
3)  La hauteur de ce cylindre est égale 4
_,
b) Le ravon de la base du cylindre a une longueur de
o EEN 13 A G0}
¢) La section avale du cylindre est un red “\6{6 dont © \°
'~ .,’L \
les dimensions sont 6 22 O Tr ,377 ok
2, - 6|
~ 2
V=%

Exercice 13 (3 points)

Sur la figure, est représentée une pyramide régulitre & base

triangulaire

a) Indiquer sur le dessin l'angle a entre I'ardte latérale
de la pyramide et le plan de sa base

b) Indwquer sur le dessin l'angle 2 entre la face latérale
de la pyramide et le plan de sa base

c) Calculer le volume de la pyramide dans le cas
ol lalongueur de chaque ardte de la base est égale 4 6
et sa hauteur estégale a ||

XW Y- 33y
R 1

Y
X
NV

Figure 4- A student's 3 work, advanced math level (82%, M 4, Fr 4)

Student A (extended level since grade 2, 84% of points, M 3, Fr 5):

,»The task for the matura examination are extremely easy, in my opinion even for
the basic level. The only difficulty is that those are not standard tasks, they require
thorough thinking and deliberation, even a deeper insight into the problem not only
on mathematical grounds - simply speaking, that refers to the merits of the
problems. They do not resemble the tasks from Polish handbooks, they look rather
like simplified versions of the French handbook tasks - | had an opportunity to
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come across them when studying at a school in France for half a year - those were
exactly the same type of tasks.”

The opinion above includes information about the course of communication
during task solving, which in fact is not disturbed by the misunderstanding of
the mathematical content rather than by the way the tasks are formulated, which
is a far cry of the traditional tasks included in Polish handbooks. It is a remark
about the existence of a problem on the cognitive and interpretative levels.

Only one of the students signalled a problem on the mathematical level:
Student B (extended level, 83% points, M 3, Fr5):

,»1 had problems with the elements that I did not understand on Polish language
math lessons. However, | noticed that more other students also mistook "ensemble
des images™* for "ensemble des definitions™. Nevertheless, general knowledge of
French helped recollect math vocabulary and understand it. Sometimes the tasks
required more concentration because they were tricky, i.e. when you had to grasp
when to put down both numbers as squared, and when to square only one of them.”

The task the student refers to are the first two tasks (Figure 1). Tasks of that type
also occur in the Polish matura exam sheets. First task in the test was solved in
88 %, while second task in 94 %. Only one student gave the range of values
instead of the domain (misunderstanding of the terms), while another student
had problems with the symbols (the way of marking intervals differs from the
Polish one). Both problems were observed during regular classes solving tasks.
On the other hand, Task — Exercice 8 (4 points) was from the junior high school
level and it referred to algebraic expressions. That type of tasks do not occur in
the Polish matura examination. The problem with giving the correct answer
(particularly in the last sub-point 47% of students solved that sub-point
correctly) was caused by insufficient knowledge of lexical items as well as
misunderstanding grammatical structures, which imposed a certain solution (that
is if only one number, or both of them should be raised to a cube). That problem
was clear in Student's 1 work. Particularly in the last sub-point there are
modifications of the solution, which, however, did not lead the student to giving
the proper answer.

Recapitulation

The teacher received in a written form a feedback to their message, which had
not been correctly understood by all the students, and it did not cause the
expected effect. The communication was disturbed on different levels of
working on the task - message, starting with its reception, to its transformation
and encoding in order to transmit the sender through:

4 set of values

5 domain of definition
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misunderstanding the content in a foreign language, which disabled further
mathematical activity (most frequently it revealed in the lack of any answer);

improper interpretation of the task (the student solved their task or abandoned
the solution);

inattentive reading of the text (in spite of correct calculations, the give answer
was incorrect);

giving a wrong answer because of not knowing proper symbols (disability to
encode according to the accepted system).

The former observation of students' work allows to elicit the following
statements:

The students also had difficulty in reading the symbols referring to marking
intervals (symbols different from the Polish ones, which did not cause
misunderstanding of the task, however, occasionally there were only problems
with a correct written record of the solution).

For some of the students basic mathematical vocabulary was not clear enough,
like: product, quotient, radical, absolute value, degree of polynomial,
coefficient, circumscribed circle, recording of algebraic expressions (sometimes,
when they came across unknown vocabulary, they asked about it, not trying to
guess/deduce the meaning of a mathematical term by themselves).

The analysis of surveys and the observation of the students in class, first of all
revealed difficulties connected with the ignorance of mathematical terminology
and problems with interpretation of the tasks in French, which both seem to
cause communication disturbances during unassisted problem solving.

The conducted research, although only to a limited extent, encourage to further
studies on the methods of working with students, which might improve the
process of communication on math lessons performed bilingually.
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The contemporary didactics puts the emphasis on the development of effective
communication skills. The information transfer can happen in different forms
and ways, e.g. verbally, in writing, or by the usage of gestures. It is not only
important to know how to transfer the information but also how to receive it,
interpret and comprehend it. A perfect skill development opportunity for
receiving the information transferred in a written form is given by mathematical
problems, predominantly the word problems. Having that in mind it is good to
look at a mathematical problem as a specific linguistic message. In my paper |
shall present some causes of misunderstanding that happens between the author
of a mathematical problem and a student.

INTRODUCTION

The learning of mathematics takes place mainly by solving specially selected
problems. They offer learning of new terms and their characteristics, help
acquiring the knowledge and improving the specific and complex skills, they are
also favourable for developing the critical thinking as well as intellectual
independence. By solving the problems, students get to know how to act in
subjectively new situations and how to overcome the obstacles of emotional and
intellectual nature.

The content of each mathematical problem is a mixture of natural and
mathematical language: symbolic, graphic or verbal; bearing a characteristic
structure. The specific characteristics of such content are the carrier of various
elements of didactical instruction. The ignorance or lack of understanding of
specific words or symbols, included in the content, the principles of
mathematical notation or different comprehension of a problem meaning can be,
and often is, the reason for misunderstanding and as a consequence student’s
failure in solving a problem.

Every mathematical problem can be perceived as a specific linguistic message®
(see: Czajkowska, 2003). The author edits a problem in a language that will

°A linguistic message is a product created in a given language to establish the communication between the
sender and the recipient. Every linguistic message (see: Jakobson, 1989) concentrates on: sender (emotive
function) — it specifies the attitude a sender has towards the content he transfers; recipient (appeal function)

provokes the recipient’s cognitive and emotional reactions; the form of message (poetic function) — describes the
esthetic aspect of the message, the attractiveness in its visual form, external shape; the linguistic system
(metalinguistic function) — determines the sense of signs present in the message which can be not understood by
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cause desired behaviour and action of the recipient. An effective communication
between the author of a problem and a student happens when the student can
correctly decode the problem content and the iconic material behind it as well as
interpret the information included. However, in practice, many students possess
a poor decoding technique, and therefore they can incorrectly “read” the content
which the author wanted to express. This creates misunderstanding on the
author-student communication route, which results in an incorrect solving of a
problem or solving a different problem than author desired.

In the process of problem solving a student refers to his entire in- and out-side
school knowledge as well as to his experience coming from all the past
mathematical problems that he was solving before. Sometimes, the situational
context, being the authors’ intention to facilitate the understanding of a problem
situation, or to indicate the usefulness of a particular mathematical tool in
solving a life problem, turns in reality to disturb and obstruct the comprehension
of a mathematical problem. Some aspects of a situation completely not
important for the author may get a prevailing importance in the eyes of student.
It happens also that a student sets additional conditions, by doing so he changes
the content of a problem completely. Other time, a student transforms a
mathematical problem into a real life situation and by making use of life facts he
solves it in a practical manner, without the usage of mathematics (see:
Czajkowska, 2003).

RESEARCH METHODOLOGY

The herewith described, research problem refers to misunderstanding which
results from the lack of a proper communication between the author of a
mathematical problem and the recipient, a student. The source subject to this
analysis is secondary, meaning not prepared for this particular research. One
cannot plan such an experiment as this would mean we plan ahead the
miscommunication between the sender and the recipient of a problem (see:
Slezakova & Swoboda 2008).

The subjects to this analysis were therefore, the collected solutions of
mathematical problems produced by an individual student work, in which the
lack of proper communication between the sender and the recipient was
observed. However, the situations in which the students were solving
mathematical problems were different. Some work was done during a school
lesson or during individual classes. Other comes from school tests, quizzes and
external exams. The rest was carried out during students’ participation in
mathematical contests or educational research.

the recipient; the reality (reference function) — presents the described branch of knowledge in a thorough way;
contact (phatic function) — confirms, sustains or breaks the the flow of information.
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THE ANALYSIS OF STUDENTS’ PROBLEM SOLVING

One can distinguish few types of cognitive obstacles present in the
communication between the author of a task and a student; identical to those that
teacher and student use while communicating during the lesson (see: Slezakova
— Kratochvilova & Swoboda 2006, Slezakova & Swoboda 2008). This will be
characterized and illustrated hereafter by means of examples taken from
students’ work.

Different interpretation of a situation described in a problem content

In many mathematical word problems, one can find a plot that to some extent is
not fully specified. In practice, this means that in order to solve a problem a
student needs to, more or less consciously, set up certain conditions. The authors
usually try to construct their problems in such a way that the plot specification is
consistent with their intention. It happens, however, that the student, referring to
his outside school experience sets up conditions which are not even mentioned
in the text itself or which were not expected by the author. The content of a
problem is for the student not only all that he concludes from the layout of the
information about the objects, events, processes and the correlation between
them, but also what he associates with the described situation. In such instances
the communication between the sender and the recipient is disturbed. In the end,
the student solves a different task than the one its author meant for.

Example 1

The problem and its two solutions come from a test of a 6-grade student, test
taken in 2011’

Problem

Magda has 56 PLN savings, Barbara 20 PLN. The girls decided to continue
saving the money. Magda will lay by 9 PLN a month. How much Barbara shall
lay by every month to get the same amount like Magda after 8 months of
saving? Write down all your calculation.

Solution 1
56+ (8-9) =128

108
20+ (10+10+10+15+15+20+20+8) =128

Answer: Barbara in the first month 10 PLN, in the second 10 PLN, in the third 10
PLN, in the fourth 15 PLN, in the fifth 15 PLN, in the sixth 20 PLN, in the seventh
20 PLN, in the eighth 8 PLN.

! The solution has been taken from an unpublished Bachelor’s dissertation of Martyna Sapinska (2012) Strategie
rozwigzywania zadan otwartych z matematyki na sprawdzianie szostoklasisty 2011 (The strategies of solving a
mathematical problem during a 6-grader test in 2011) which was mentored by the author of this article. By
courtesy of the Regional Board of Examiners in £.6dZ it was possible to perform the quality analysis of the three
open problems taken from 118 works of students writing the 6-grader test in 2011.
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Solution 2

Few calculations indicate that the analysis of the situation described in the text of
the problem was being analyzed by the student in different ways; finally the student
provides the answer: 13 PLN each month, and in one month 4 PLN more.

It is worth noting that the situation described in the mathematical problem was
differently understood by the author of this task and differently by the student.
The author connects the sentence of “how much money shall she lay by every
month” to the previously mentioned message about Magda’s manner of saving
money and for him this indicates that Magda saves the very same amount every
month. However, this was not so clear for the students solving the problem. The
students solving this problem assumed that the amount Barbara is supposed to
save does not need to be equal every month.

By thinking in this way, students have changed the mathematical sense of the
problem. They analyzed the distribution of the number 108 as the sum of 8 parts,
rather than as a division into 8 equal parts. To their way of thinking, the solution
of the problem was not clear.

Example 2

The below problem solutions come from the observation of individual student work
conducted during the personal research. Let us have a look at the solutions of the below
problem, presented by 4-grade students: Wojtek and Marcin.

Problem

There is sand in two vessels. In the first vessel there is 11.2 kg, in the second
there is 6.8 kg. 3.5 kg of sand was taken away from the first vessel. In which
vessel there is more sand and how much more?

Woitek’s solution:

11.2 kg — 3.5 kg = 7.7 kg — this is the amount of sand that will be in the vessel no 1
after the sand being taken away

6.8 kg + 3.5 kg = 10.3 kg — this is the amount of sand that will be in the vessel no 2
after the sand being added

10.3 kg —7.7 kg = 2.6 kg

Answer: In the second vessel, there is now 2.6 kg of sand more than in the first one.
Marcin’s solution:

Vessel no 1: 11.2 kg — 3.5 kg = 7.7 kg

Vessel no 2: 6.8 kg

7.7kg—6.8 kg =0.9 kg

Answer: In the first vessel, there is now 0.9 kg of sand more than in the second one.
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The difference between the solutions results from a different comprehension of
the problem sense, from the layout of the objects and the relation between them.
The word “take away” means “to deduct, to separate from something”, and this
Is how it is understood in the two examples. However, Wojtek understood that
the sand taken away “needs to be added somewhere, something needs to be done
with it”. By treating this situation in a practical way as a specific closed set
(created by the vessel and the sand), he “took away” the sand into the second
vessel. Marcin, on the other hand, was interested only in the information that
connected the initial weight of sand in the second vessel with the final weight of
the sand in the vessel no 1; and this is the only relation that the problem content
described.

While in realistic mathematical problems the specification of the plot is
accepted, in “pure” mathematical ones this is not the practice. Meanwhile, the
analysis of students’ work shows that students tend to set up additional
conditions also in the purely mathematical problems, just like in the following
example.

Example 3

The problem was taken from the research Szkota samodzielnego myslenia (The
School of Independent Thinking)®.

Problem

The rectangle presented below consists of 10 small squares. The length of the
side of the small square is 1 cm. Paint two squares over so that the figure you
will get, after deducting them, has the same circumference as the rectangle.

The 1-grade student of a secondary school (gymnasium) states that this is not
possible, and provides this clarification: rectangle can be a rectangle only when
we paint its side over, but the circumference will be smaller then. This means
that the student set up an additional condition that the figure he will get after
deducting two squares needs to be still a rectangle.

® The research Szkota samodzielnego myslenia (The School of Independent Thinking) was conducted by the
Educational Research Institute (IBE) in Warsaw as a part of the systemic project Researching the quality and
effectiveness of education and institutionalisation of research infrastructure, realized by the European Social
Fund under the Human Capital Operational Programme, Priority I11: High Quality of the Educational system,
sub-measure 3.1.1 Creating Conditions and Tools for Education System Monitoring. The goal of the research
was to diagnose the skill levels for mathematical modeling, creation of the strategy for task solving, reasoning
and argumentation.
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Various meaning assigned to terms present in the problem content

In the process of solving a mathematical problem, different students give
different meaning to the very same word, predominantly this happens when the
words come from a colloquial language and can be here differently understood.
This results in students’ seeing some connections between the unknown value
and the data which as a consequence makes them build different mathematical
models.

Example 4

The below example is taken from a mathematical test, 5-grade of primary
school.

Problem

One “Fortuna” (Eng: Fortune) lottery ticket costs 5 PLN. Pawel had 7 PLN,
while Czarek 3 PLN. The boys clubbed all their money together and bought two
lottery lots. It turned out that they won 200 PLN. They divided fairly the money
they won between one another. How much did each get?

Solution 1

200:2 =100

Answer: Each got 100 PLN.
Solution 2

Pawel: %-200 — 140

Czarek: =+ 200 = 60

Answer: Pawel got 140 PLN, while Czarek 60 PLN.
Solution 3

3+7=10

200 —10 =190

190:2 =95

Answer: Each boy got 95 PLN.

Different solutions of the problem result from different understanding of the
word “fairly”. For the student who presented the first solution this meant
“equally”. The author of the second solution understood the word “fairly” as “in
proportion to his contribution”. While the third, 5-grade, student suggested to
“divide the amount equally” only after their contribution was given back to each
of the boys.
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Attention to different excerpt of information

Every mathematical problem includes the information which is more or less
crucial throughout the different phases of problem solving. Moreover, in the
content of some problems (so called problem with excess of data) there appears
information that is not significant from the perspective of the question asked. It
introduces so called “information noise” and disturbs the identification of the
situation. Such problems require, from a student, a thorough text analysis which
would help him recognize the redundant portion of information as per the
unknown value he is looking for (see: Bugajska-Jaszczott & Czajkowska, 2012).
However, sometimes, the redundant information becomes dominating and gains
a special importance.

Example 5

During the mathematical lesson conducted in 4- grade of primary school, the
students were independently working on a problem they received from a teacher
during that class. One of them was the following.

Problem

Father made a costume of an alien for his son, Piotr, for a school carnival ball.
Piotr weights 54 kg. The prepared costume weights 2.5 kg, shoes 0.75 kg, and
the headgear 0.45 kg. How much does Piotr weight in the costume of an alien?
Write down all your calculations.

One of the students underlined the excerpt of the text “Piotr weights 54 kg” and
he wrote down:

54 —Piotr’s weight
2.5 + 0.75+4 0.45 = 3.7 — The costume of an alien (not Piotr)
Answer: Piotr dressed in his costume weights 54 kg.

The student put his attention to “Piotr’s weight”’; however, the information about
the character’s cloths was not so vital for him. In the real world, by providing
the weight of a man one would not take into consideration the weight of clothes
he is wearing. It is possible that the 4-grader had met before a problem that
included the answer to the question inside the problem itself, and the problem
aim was just to “read” it. The student did not understand the author’s intention
and the aim of the problem which got suddenly changed. Therefore despite all
the calculation he made the answer he provided was only Piotr’s weight.
However, what was important for the teacher was the fact that “Piotr is in the
costume of an alien”.

A picture is sometimes an integral part of a mathematical problem. It might play
the role of: 1) a record of information, 2) means enabling the distinction of
important and insignificant content, 3) supportive means, indicating what to look
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at and suggesting what next steps of problem solving to take, 4) the object which
needs to be analyzed, 5) illustration. Sometimes, it can hold multiple functions
simultaneously (see: Czajkowska, 2005). It happens, however; that the drawings
instead of becoming the communication tool, they might become an obstacle on
the communication route between the author and the student. Let us look at the
below example.

Example 6
The below solution was presented by a 6-grader during a test.
Problem?

The size and shape of the land are provided in the below picture. A farmer
sowed wheat on his land. From each hectare he gathered 4.5 ton of wheat. How
much tons of wheat did he gather from this land? Write down all your

calculations.
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The cloud presented in the picture was of no importance for the author of the
problem, it actually did not belong to the picture which was subject to analysis.
However, the student noticed the two elements and treated them both as the

9 The problem has been taken from a 6-grader test in 2004. The teacher used it again during a test 2010.
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objects the problem describes. What is more, he even thought that the area of a
cloud shape element is given and he tried to check whether the both drawings
are made in the same scale (trails of calculation of the “cloud” area are evident).

Other students’ failures resulting from a drawing obstacle are described in the
works of Czajkowska and Bugajska — Jaszczott (see: Czajkowska, 2004,
Bugajska-Jaszczott & Czajkowska, 2013).

Different understanding of problem goals

While formulating a problem in a specific manner the author wants to cause a
desired behaviour of a student and drive towards the changes in his thinking and
acting. One of such goals can be the efficiency exercise (e.g. arithmetical), skills
development of. the usage of an known scheme or algorithm, noticing the
correctness or analogy, coding or decoding the information in a specific
language, the usage of mathematical terms and symbols, mathematical
modeling, carrying out mathematical reasoning. A student can however, “read”
the goal of the problem in a totally different way. If he “reads” it incorrectly,
then the task can lose its educational character, or even cause damage to his
positive attitude towards mathematics and discourage him from further contact
with that topic. For example it is observed that specific numbers, context in
which the problem is set or the mathematical branch which the problem refers
to, are of a basic importance to many students while solving the problem; the
lesser importance is carried by the informational structure, reasoning which one
needs to carry out, or the similarity towards other problems solved before.

Example 7
Problem

In the shop there are eggs sold in big packs of 10 eggs, and in small packs of 6
eggs. The big pack costs 6.40 PLN, while the small one costs 3.90 PLN. Which
iIs more profitable to be bought, a big or the small one, and and why?

Solution:

Answer: None of them or the smaller one, because in my house one eats few eggs
only and they would get spoiled.

The intention of the author of that problem (in this case of the teacher) was that
a student can specify the unit cost of eggs and can choose the most profitable
price. The student, however, approached the problem by using a realistic
standpoint; taking into consideration the family’s eating preferences. In this
way, he changed the mathematical problem into a real life problem.

Conclusions
Much as the cognitive obstacles can and should be recognized by the teacher
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during the lesson, e.g. by asking additional questions to the student group; in the
case of individual task solving, they are not diagnosed on time.

The communication between the author of the problem and a student is actually
a peculiar one. It is only one-sided: from an author to a student. This situation
does not even change when the problem is presented in a digital form, more and
more often popular in mathematical education. A student solving a problem
using his/her PC usually receives only return information that indicates whether
the solution is correct or wrong, without getting the details about the cause of
mistake.

The awareness of the hereby described misunderstanding is very crucial in the
view of the control of students’ achievements. Sometimes, the incorrect solution
comes not as a result of lack of knowledge or lack of student’s mathematical
skills, but as an improper understanding of situation described in the problem or
as the act of assigning its own meaning to certain words or expressions, used in
the content. However, it is also important to notice that the strategy of problem
solving or the reasoning conducted by a student is adequate to the situation that
he can understand.
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Content and Language Integrated Learning (CLIL) can support the using of
national language in different subjects. In this paper we present this method in
the case of school mathematics. There is no analysing of the possibilities of this
method in Slovak national schools in Hungary up to this time. The first insert
must be in the preparing of future Slovak minority’s teachers. \We show some
practical examples of this method.

INTRODUCTION

The motivation for the implementation of CLIL - an integrated teaching of
minority languages and non-language subjects are European Commission's
recommendations, particularly the Office of Commissioner for Education and
Culture. European Commissioner Jan Figel 2006 states:

,Multilingualism is at the very heart of European identity, since languages are
the fundamental aspect of the cultural identity of every European. For this
reason, multilingualism is referred to specifically — for the first time — in the
brief of a Commissioner. I am honoured to be that Commissioner.* (see CLIL

(2006))

CLIL (Content and Language Integrated Learning) is an educational method for
teaching non-language subjects through a minority language. It's an innovative
approach that changes ways in which students are introduced to the curriculum,
and that accelerates the acquisition of basic communication skills in a minority
language.

WHY CLIL?

This teaching method has several advantages within minority schools. At this
point we want to mention few of them.

e When teaching with CLIL method, the aim is on the particular activity
and not the minority language itself.
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This approach provides the opportunity to learn to think in that language
and not only learn the language as such. CLIL allows students to practice
the minority language in learning another subject.

CLIL is the opportunity for graduates to develop their skills using foreign
or minority languages and therefore to increase their personal potential for
an advantageous position in the labour market.

The curriculum can be explained first in Hungarian and later extended in
the Slovak language, or vice versa.

The activities in both languages should be complementary.

From advantages that CLIL brings, we can mention following ones:

overall improvement of student communication skills in a minority
language,

deepen awareness of the minority language, official language and other
languages

Increased student motivation through real educational situations in the
teaching of minority languages

increase the fluency of expression, a wider range of vocabulary
active involvement in lessons,

a positive attitude towards the minority language,

development of own national and cultural awareness,
preparation for practical life and work in a multicultural society.

CLIL provides opportunities that allow students to use a minority
language naturally, in such a way that they gradually forget about the use
of minority languages and focus only on content.

In the CLIL method the minority language is associated with other
objects. In the classroom there are two main goals: one is the subject,
topic, and another one is the language.

This is the reason why CLIL is sometimes called a dual-focused teaching.

CLIL can really do a lot, increases the willingness, wanting and ability to
learn both - language minority and non-language subject.

CLIL METHOD IN MATHEMATICS

We organized in the year 2013 educational circle of Mathematics in Slovak
language and we used CLIL method. The pupils were from fourth grader of
Slovak minority primary school. Topic for the activities was roman digits. The
pupils already know basic roman digits. We present now two examples how we
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teach pupils use roman digits in practical way and some operations with them
(see Guncaga-Lestyan(2014)).

The pupils received record of four-digital numbers through roman digits. They
should transform this record to the record with Arabic numbers. We used
following records:

MDXLI1=1542 MDXXI1=1522
MDCCLIX=1759 MCXCIV=1194
MCDXXV1=1426 MCCCXLII=1343
MCMLXXXIX=1989 MDCXLVIII=1648
Later they solved opposite task:

2567=MMDLXVII 1999=MCMXCIX
963=CMLXIII 1046=MXLVI
1459=MCDLIX 2681=MMDCLXXXI
1843=MDCCCXLIII 797=DCCXCVII

Another motivational tool for pupils is a cross. We choose following:
1. 30+28=
2. 4 roky je kol’ko mesiacov? (How many months are 4 years)
3. 1000-374=
4. 999
5. Aky rok piseme teraz? (Which year is now?)

The question was what I do with eyes? The solution in light was “VIDIM” that
means “[ see”.
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Table 1.

Pupils try to speak only in Slovak, but they had problems with mathematical
expressions. The unknown words they try to find with the help of Slovak-
Hungarian vocabulary.
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TANGRAM AND CLIL

Another possibility for using CLIL was tangram figures. We used the figures
prepared from tangram parts. First we analyze the tangram parts from
mathematical point of view and find their names in Slovak and Hungarian

language and later we try to formulate sentences in both languages.

e

—
Y
24—
Figure 1

Stvorec Neégyzet Square
Trojuholnik Haromszog Triangle
Rovnobeznik Paralelogramma A rectangle
Rovnoramenny Egyenlo6 szara haromszog  |Isosceles triangle
trojuholnik

Pravouhly trojuholnik
Obdiznik

Dom

Komin

Pes

Derékszoglh haromszog
Téglalap

Haz

Kémény

Kutya

Right triangle
Rectangle
House
Chimney
Dog

Table 2 Figures and tangram parts




42 JAN GUNCAGA, KATALIN LESTYAN

Zajac bezi  pred | A nyul fut a haz elétt. Rabbit is running in front
domom. of the house.

A Kkutya kergeti a nyuszit.

Pes nahana zajaca. A dog is chasing a rabbit.

A halak  akvariumban

Ryby st v akvariu. | yannak. Fishe are in the aquarium.

Table 3 Sentences

Figure 2
Dom Haz House
Komin Kémény Chimney
Strecha Tetb Roof
Smrek Fenyo Spruce
Strom Fa Tree
Sviecka Gyertya Candle

Table 4 Tangram figures
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Prasiatko vySlo z domu a | A kis malac kiment The pig came out of the house
vyliezlo na vrchol stromu. | ahazbol és felment and climbed to the top of the

VIky ho nechytili. a fenyd tetején. Farkasok [tree. Wolves did not catch him,

nem csaptak ot be.

A hazban ég a gyertya.

V dome svieti sviecka. The candle shines in the house.

Table 5 Sentences

These activities support not only the building of mathematical notions by the
students, but they have possibility to express their knowledge in Slovak and
Hungarian language and develop their communicative abilities.

CONCLUSIONS

According Beardsmore (2008) bilingual children have a greater faculty for
creative thinking at their disposal. They perform significantly better in tasks
which require not the finding of the single correct answer to a question, but
where they are asked to imagine a number of possible correct answers, for
example, giving the maximum number of interesting and unusual uses for a cup.
Nowadays it is important the interdisciplinary approach (see Tkacik (2007),
Kopacova (2012)). It is possible to introduce the Content and Language
Integrated Learning (CLIL) in the minority school by the teaching of
nonlinguistic subject. One good possibility is mathematics, because it has
universal language (see Dominguez (2011)). In the future we would like to use
also historical textbooks from Austrian-Ugrian monarchy because it was state
with many nations and the textbooks showed how to teach more languages (see
Pales (1820), Gejdos(2009)).

Remarks: Supported by grant AGMA, KEGA 017KU-4/2014
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This study analyses a primary school teachers’ ideas and practice focused on
mathematics communication. It addresses 2 questions: a) Which ideas do
teacher have about communication in mathematics classroom? 2) How do
teacher promote mathematics communication in the classroom? A semi-
structured interview was conducted to reach teacher’s ideas of mathematics
communication in the classroom; classroom practice observation was carried
out to identify teachers’ strengths and difficulties when teaching mathematics.
The results show that the tasks and the way the teachers organize the classes
determines the development of verbal language. Discussion, the negotiation and
the argumentation were encouraged, although without success in many cases.

SOME ISSUES ON MATHEMATICS COMMUNICATION

Learn to communicate and communicate to learn are related to two basic ways
of looking at the learning: learning as acquisition of knowledge and
development of skills or learning as a process in which the student has an active
role in the construction of their own knowledge (Martinho, 2007). It is difficult
to speak about mathematics communication without referring the teachers’ role
in its promotion. On the other hand, associated with this it often appears the term
discourse. The discourse is seen by NCTM (1994) as "the way of representing,
thinking, speaking, agree and disagree” (p. 36) and encompasses both how the
ideas are exchanged and what ideas are portrayed. Thus, the teacher’s role is
considered essential for the discourse. The NCTM (1994) highlights three
aspects that characterize this role. The first aspect relates to the students’
reasoning. The teachers must stimulate the students’ thinking through the tasks
and the issues that arise when solving the tasks. Must listen with attention and
interest students’ ideas, ask them, orally and in written, for justifications and
explanations for the solutions found. In this sense, it becomes relevant to ask
"why?" regularly and consistently following the comments of the students, as
well as other requests for justification mode. A second aspect that characterizes
the teacher's role in guiding the speech is to be active, but not in the direction of
the master. Teachers should lead the discourse with caution, prompting students'
thinking, selecting the most relevant questions, providing information and
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deciding when to put guiding questions and when to promote students
discussions.

A third aspect is to promote the control and organization of student
participation. The teacher decides who is going to answer his/her question, how
to implement group working and which communication means students should
use to present their thinking. According to the NCTM (2001), speech
materializes through the tasks. The selection of valuable tasks and challenge
students to take positions and defend them, trying to convince the colleagues, is
a very important aspect of math class.

Another important feature about teacher’s role refers to the learning
environment created. The control and authority exercised by the teacher will
interfere with the learning environment created, preventing the development of
student autonomy. Goffree and Bishop (1986) point out that the control
exercised by the teacher is crucial in the negotiation of mathematical meanings
and can be an impediment or facilitator. In this sense, Chazan and Ball (1995)
argue that teachers should give more authority and autonomy to students.

Communicative practices also involve stimulating students' interest, thus
contributing to enhance the interactions established. Communication as sharing
is established through interactions between teacher and students and among
students themselves. In this dynamic, students engage more with mathematical
work than with mathematical content presented by the teacher, and that Bishop
and Goffree (1986) relate to the concept of activity. The "activity" of students
through the interactions established is one aspect that relates to this sense of
mathematical communication.

Negotiation is another term related to communication, from the interactionist
perspective. According to this perspective, mathematics is a social practice and
knowledge is constructed in discourse through the production and negotiation of
meanings (Menezes, 2004; Sierpinska, 1998). The speech, according Sierpinska
(1998), is the language in action. As the author refers, attention began to focus
around communication processes between students and communication with
students and the question of sharing meanings that emerge through
communication in the classroom (Sierpinska 1998).

Communication in the classroom

Language is a means by which to communicate. The communication is the main
function of language (Menezes, 2000). Communication can be seen as a goal but
also as a learning method (DGIDC, 2007). Ponte and Serrazina (2000)
distinguish three categories for communication in the mathematics classroom,
which are: presentation, questioning and discussion. The first is of expository
nature; exposure of a story, an idea or an experience for the participants, teacher
or student. The questioning is characterized by the use of successive questions
by the teacher to the students in order to identify problems, motivate them to
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participate, stimulate reasoning, etc.. Regarding to the questioning in the
mathematics classroom, Matos and Serrazina (1996) and Ponte and Serrazina
(2000) consider three basic types of questions: focusing questions; questions of
confirmation; and questions of inquiry. The focusing questions aim to "focus"
the student's attention on what is essential, helping him to follow a certain
reasoning. The confirmation questions put the focus on learning achieved. The
aim is to explore the knowledge and possible feedbacks. For Ponte and
Serrazina (2000) these questions when answered correctly by students increase
their confidence and improve their internalization of ideas. The questions of
inquiry allow the teacher to determine the students' way of thinking, how to
solve a certain task and their opinion regarding a strategy or solution. Often
these are a type of open questions that encourage divergent thinking and
reflection.

This work enhances the language as a set of tools and ways of communicating
between teacher and students, as it is through the various languages and
representations that meanings are shared and developed (Bishop & Goffree,
1986; Pimm, 1991; Pirie, 1998) having a direct relationship with the tasks. The
communication in the classroom as a goal and as a method assumes a wide
nature. One values the development of students’ communication skills, with
moments that help them express their thoughts and ideas clearly. In this
scenario, interactions assume a relevant role. The interactions between students
or between students and the teacher can take a form of discussion, in which
usually the teacher assumes the role of moderator. A discussion between
students can reveal their thinking (Ponte & Serrazina, 2000). Listening to the
students interactions, the teacher not only appropriates their thinking as it gives
them the opportunity to clarify their ideas. The discussion may provide an
opportunity for students to learn to reason mathematically (Voigt, 1995). Thus,
the teacher's role is highlighted in order to listen to students and stimulate their
reasoning through questioning and selection of appropriate tasks. In addition, the
teacher's role is also taken into account in creating an atmosphere that helps
students to hear each other, creating room for discussion and reflection on the
processes and products.

The discussion and negotiation of meanings either in small group or with the
whole class is emphasized. The NCTM (1994) points out that the way teachers
conduct the discourse in the classroom depends on their mathematical
knowledge, but also on the curriculum and on students. The way the discourse is
conducted, in math class, determines the knowledge and ways of thinking that
are valued, as well as the processes of construction and validation of meanings.

Thus, it becomes relevant to know how mathematics communication practices
are developed by primary school teachers. One tries to know more about the
way these teachers value and promote the mathematics communication in their
practices. One tries to address two questions: (a) what ideas and conceptions
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have primary school teachers about communication in mathematics? (b) What
difficulties are identified when promoting mathematical communication in their
practices?

METHODS

This study is a case study of a Primary School teacher. In agreement with
Bogdan and Bicklen (1994), the case studies are justified for a specific
knowledge of a given situation or phenomenon. The case study methodology, in
general, requires the prolonged presence of the researcher in social contexts
under study through direct contact with people and situations (Yin, 2009). The
participant was the Primary School teacher Beth, who teaches 1st grade and has
9 years of teaching experience at this school level. All the names used here
(teacher and students) are fictitious.

The study was organized around an individual interview and observation of
teacher practices when teaching mathematics. A semi-structured interview
focused on Beth ideas, beliefs and attitudes about mathematical communication
was carried out. It addressed, among others, questions such as: Do you value the
development of communication skills? As usually work the math, in large
groups, small groups or individually? Do you think that students’ interactions
can improve learning? What kind of tasks do you usually explore in your
classes? How do you select them? How relevant is for students to communicate
their learning experiences? How do you stimulate this?

The observation of teacher practices comprised three lessons, in which the
researcher was not a participant observer. The idea was to, eventually, find
discrepancies between teachers practice (through classroom observation) and
teacher’s ideas. The observation of lessons focused on the analysis and
interpretation of the teaching practices attending to the selected tasks, teacher’s
attitudes, mathematical knowledge and communication.

Data collection was carried out using an audio record for the interview; in the
observed lessons, video and audio records were used as well as field notes taken
by one of the authors of this paper.

RESULTS

The results are presented here in two moments: the first concerns the interviews
comprising teachers’ ideas and believes about mathematics teaching and
learning and mathematics communication; the second focuses on the observed
teachers’ practices.

The interview

Beth seems to face teaching and learning of mathematics in a constructivist
perspective. Knowledge is not transmitted but constructed, and student plays an
important role in their own learning. Considers that it is important that students
work in groups and justifies the less frequent use of this methodology due to
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having students from two grades in the same classroom, referring the difficulty
she feels to meet the needs of all at a time. It states that her students have
worked in pairs in solving various problems, but emphasizes that to have all
these students in the same room "is a certain challenge because the difficulty of
working with the two grades and meet successfully the needs of these students,
sometimes prevents a little more to promote work group as | would like". The
promotion of the development of reasoning ability, problem-solving and
communication are understood by her as interconnected. Beth argues that:

Interviewer: How do you promote de development of problems solving? And
reasoning? And communication?

Beth: Sometimes a single exercise reflects the mathematical
communication and also the representation of reasoning because the
child can reason and solve the problem orally, and often have a bit of
difficulty translating it to an algorithm that was formerly most
valued. So often, the mathematical communication arises from a
picture or a scheme, and is up to them the translation of how they
reasoned. But | greatly value sharing that justification of a

resolution.
Interviewer: And how do you promote the sharing of these justifications?
Beth: Sometimes with a question for the large group, and there are

children who can have their participation in a more accurate way
than others, and | try to improve their answers, especially with the
help of the justifications of those who have the right answer.

Beth considers that it is important for students to communicate their learning
experiences, and communication in large group is the most emphasized in her
speech and seen as important in learning. The exchange of ideas and discussion
in the whole group is seen as an asset, especially for students with lower
performance.

Beth: Normally, | opt for the correction in large group, self-correction in
large group. Each child checks and sees where it went wrong and
why is wrong, and with such communication and sharing among all,
other children become able to reach a better understanding.

Justifying their choices, students help those who have not
understood so well.

The observed lessons

Beth used very often communication as presentation, often associated with a
story emerged as a way of introducing the task. The communication as
questioning was the most used by the teacher in all observed class, trying to
promote students acquisition of mathematical concepts and mathematical
vocabulary. For example, Beth tries to help students to identify some properties
of geometric figures through questioning. The transcription below gives an
example of this, when discussing if a rectangle was still a rectangle when in a
different position.



Issues on communication in the mathematics classroom — the case of primary school teacher 49

Beth: Look, ... and what if | put it this way instead? [The smaller side as a
base]. This is no longer a rectangle?! Do not tell me that!
Martha: No.

Beth: No... no, Marta?

Lucas: It becomes a square.

Beth: It is a square? Everyone agrees?!

Lucas: Yes [Only Lucas responds].

Beth: Is this a square? So this is like this as well? [The teacher compares this
rectangle with square pointing to the figures].

Mary: No.

Beth: Why not Mary?

Mary: Because is upside down.

Beth: What? Is this still a rectangle upside down?

Lucas: No.

Beth: Who thinks that it is still a rectangle?... [Everyone agrees, including
Lucas himself].

Beth: So this is also a rectangle? This and this are they rectangles?

Students: [in chorus] Yes!!!

Beth: Yeah, because just put them in a different position.

Teacher’s inquiring attitude in order to detect the students' conceptions about the
rectangle was also common. The questions of inquiry "It is a square? Everyone
agrees?!" or “Why not Mary? " are some examples. In another moment, it was
also observed confirming questions such as "A square! What does a square
have? The sides are ..." or "Who knows what figure is this?". The teacher also
often uses focusing questions attempting to get the student's attention on
important aspects to solve the task.

The group discussion as a means of sharing ideas, processes and results were
poor in all observed lesson. However, in some of the class moments there were
opportunities for it. The reflection on the work developed took place in Beth
classes, but did not include discussion of mathematical ideas. Frequently, it was
lost the opportunity for students to be encouraged to explain and justify their
ideas, and increase their knowledge, as they were not given the opportunity to
have a reflection and synthesis around possible solutions and solving processes.
Concerning to the communication means, oral verbal language, visual and active
representations were the most used in Beth observed classes.

Beth values whole class communication promoting verbal interactions student-
class group. In her lessons, whole group communication can assume the form of
discussion in which students share their conclusions and this has an important
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role in the task assessment. Interactions in small groups (student-student,
student-class group) are less valued by Beth. The results are valued at the
expense of resolution processes. The teacher promotes the iconic language
beyond the symbolic, but the promotion of mathematical written language was
not included in her speech.

When analyzing Beth observed practices, one tried to characterize the attitude of
the Beth when promoting mathematical communication in the classroom. Beth
uses verbal interactions. She promotes oral verbal language in teacher-student
interactions in different phases of the lesson. In two of the three observed
lessons, students were challenged to share their resolutions with the whole
group, but they were not stimulated to reflect on their options. Being able to
discuss resolutions/products without being encouraged to reflect on them,
students were prevented from the systematization needed in learning. Oral
communication, while the initiative of students, was attended by the teacher
only when revealing discouragement or doubt. Communication between
students was almost non-existent in the three observed classes. The teacher did
not promote much this type of interaction.

In the observed classes it was visible the control set by Beth and the authority
way she handled the error. At crucial moments, she presented no negotiation of
meanings; Sometimes the teacher's corrections were not accompanied by
explanations to students. The teacher also failed not questioning students about
the reason of their findings. In some tasks presented to the students, the
conditions for carrying out some tasks were not consistent with the guidelines
due to a poor problem presentation.

It appears that there is a certain gap when comparing the results of the observed
classes with the teacher’s ideas and conceptions about student-student
interactions, solving processes and task assessment and teachers practices. The
interview gave us the idea that Beth believes in a more constructive practices
involving students more actively in the building process of their knowledge. The
reality showed that Beth promotes individual work in the classroom, even when
solving problems. Students are challenged only to compare solutions but no
resolution processes.

An explanation for this discrepancy lies in the attitude of the teacher, who needs
to take the class under control in order to be aware of everything that is said.
This control is also present when she evaluates students work, being the
authority. This discrepancy between Beth ideas and her practice seemed to be
reduced when she refers to problem solutions, when analyzing students’
resolutions. Beth keeps saying to them "Ask the opinion of colleagues before
saying whether it is right or wrong (...)". Beth reveals a certain lack of
awareness of the importance of sharing opinions and discussions in the students
learning process. This conception is present by focusing mostly in class group
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interactions when a task is completed. However, despite Beth considers the
interactions between students facilitators of learning, she did not promote them
in the observed classroom practices.

The classroom is very controlled by the teacher; the rules are strict and well
defined and there is no room for transgressions. There is a classroom culture that
privileges individual work but focused on "learning by doing". The student has
an active role in learning process being able to use and explore manipulatives
and is encouraged to develop discoveries. Thus, Beth can be characterized as a
teacher who values dialogue between teacher-student that promotes the
discovery choosing not only exercises but also problem solving tasks in her
classes; but she can also be characterized by the development of an inhibitor
control of the discovery at the level of student-student interactions and
assessment. The written communication in mathematics was not valuable for
this teacher as students were asked very seldom to explain their ideas or present
a justification in a written mode.

Discussion and Conclusions

Beth easily understand that communication is important for students’ learning,
and that group interactions are important because students learn from each other,
arguing that they promote interactions among students very often. However,
despite this idea, it is difficult to find moments in which teacher was able to
implement this in her classroom practices. This fact allow us to believe that
special attention should be given to discrepancies between teachers believes and
their practices. The participant of our study recognized the relevance of
communication but never mention written communication in the interview or
comments on lessons episodes; oral and written communication could be used as
a way to understand students reasoning and improve it, but was she aware of it?
The selection of tasks and materials, and the structure and organization of the
classes created opportunities for the wvarious forms of language and
representation to take place. However, written and symbolic languages were the
exception, having had virtually no expression.

Beth recognized interactions among students as a valuable issue, but her
students were not allowed to solve problems in pairs or group. The NCTM
(2007) refers that to encourage students to take positions and defend them,
trying to convince colleagues is a very important aspect of math class.Was she
really aware of students learning opportunities when implementing the problem
solving tasks in her class? Teacher considers fundamental the promotion of
argumentation and discussion with the whole class about strategies and/or
resolution processes and products. Observed practices showed that Beth
stimulates discussion and confrontation of opinions with the whole class, but she
judges what is right and what is wrong, giving no room for students to assume
that role. This suggests, in an implicit way, that she assumes permanently the
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role of authority in terms of knowledge. In this respect, Beth’s ideas and
practices are inconsistent, as she considers discussion and arguments were
slightly promoted in the observed classes. In agreement with Goffree and Bishop
(1986), the control exercised by the teacher is crucial in the negotiation of
mathematical meanings and can be an impediment or facilitator. Also Chazan
and Ball (1995) pointed out that teachers should give more authority and
autonomy to students in order to promote reasoning and communication in
mathematics classes. To be able to develop student-student interactions is an
excellent opportunity to promote mathematics communication. It is of utmost
importance for students to have an opportunity to work in an environment that
enhance their ability to listen each other, creating discussion and reflection
moments on the resolution processes and their solutions.

This study gives evidence that the main difficulties identified when promoting
mathematical communication related, mainly, with didactic issues, but also the
mathematical and curriculum knowledge. In educational terms, it is noteworthy
the little incentive to clash results, to discuss strategies and arguments. The
problem solving selected tasks created moments to promote communication and
learning, but their implementation produced poor reflection and systematization
moments. According to Bishop and Goffree (1986), DGIDC (2007) and Bridge
and colleagues (1997), the reflection and systematization process about the
developed work are essential to learning. The students had an important role in
doing, but not to arguing and discussion. In some observed episodes, a weak
mathematical knowledge was also observed and also a lack of rigor in
mathematical language when exploring properties of the figures in the plan.
Caution should be taken when assessing teachers’ ideas about communication,
as their concepts about communication might be very poor indeed. More
important than listen their opinions would be the observation of their practices.
In-service teacher training focused on mathematics communication would be
relevant to help primary teachers to reduce these difficulties.
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The goal of the research is to show the potential of the environment of Cube
Constructions in children’s’ pre-mathematical activities (5 to 6 year old
children). The presented research focuses on the use of child-child
communication when reinforcing amalgamation transfer (the ability to perceive
a processually described situation conceptually or conceptually described
situation processually) in the environment of Cube Constructions. We show the
importance of this communication for development of transition between
conceptual and processual concept of a cube construction (the construction as a
product and a process) as well as the level of ability of children of the selected
age group to perceive cube constructions dually.

PROBLEM FORMULATION AND AIMS OF RESEARCH

Unsatisfactory results of Czech pupils in mathematics can be seen in a number
of materials (e.g. PISA, TIMSS) and have been repeatedly subject to discussion.
The number of teachers and educators who see Hejny’s work as a possible way
out of this impasse has been growing significantly. His belief that the traditional
reproductive teaching style must be replaced by constructivist approaches in
which it is the pupil who controls the activity is not new. The same idea had
been discussed by a number of renowned educators before, e.g. by H.
Freudenthal (1973) and E. Fishbein (1999). What makes M. Hejny’s work
unique is his simultaneous development of theory and its application and his
development of scheme-oriented teaching based on theory of generic models
(Hejny, 2007; 2012).

Theoreticians explain the concept of scheme by the fact that all information
stored in human mind is not isolated but structured into meaningful units —
schemes (Gerrig, 1991). Therefore also mathematical facts are not stored as
separate concepts, statements, formulas, algorithms and proofs but as integrated
in mathematics schemes. The method of scheme-oriented education is also
based on the concept of learning environments introduced by E. Wittmann
(1984), who defines an environment as a set of interrelated concepts, relations,
processes and situations that allow posing problems guiding the pupils to
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discovery of deep mathematical ideas. The concept of a deep idea is elaborated
in detail by Z. Semadeni (2002).

If Czech primary school teachers want to teach mathematics using scheme-
oriented teaching, they can use the set of textbooks (Hejny, 2007-2011),
officially approved by the Ministry of Education of the Czech Republic in
2008/09. The attention and effort of mathematics educators who work on the
method has now turned to secondary and pre-school levels. At secondary level,
the existing environments (about 30 environments) are further elaborated and
deepened. At this stage problems for a new set of textbooks are piloted. At pre-
school level, mathematics educators ask which of the environments are usable a
and how.

Over the past two years experiments have been conducted primarily with
environments of semantic nature, i.e. those that stem from a child’s everyday
experience. In the area of arithmetic, they are the environments Autobus
(Jirotkova, Slezakova, 2013), Stepping - Stairs and Farther Woodland, in the
area of geometry the environments Sticks, Parquetry and Cube Constructions.
The first of the authors cooperates with a group of 7 nursery school teachers
from different areas of the Czech Republic. They have been meeting on a
regular basis every month since November 2012. They also communicate in
electronic form. In November 2012, the team selected environments for work
with five year old children in a nursery school. All the teachers got acquainted
with the chosen environments, both with respect to mathematics and didactics.
Their task was to develop the environment for their children didactically and to
carry out a teaching experiment. The experiment was to be recorded on video
and in writing and the notes from observations were to be archived.

The goal of the reported research here was to test the potential of the
environment Cube Constructions for development of amalgamation transfer in
pre-school children. Our initial focus was on children aged 5-6 and the intention
was to lower the age limit if the potential of the environment for 5-6 year old
children proved high. Our partial goals were formulated in the following
questions: 1) Is it possible to pose problems in the environment Cube
Constructions that pre-school children are able to solve? 2) Can solving of these
problems be used for reinforcement of amalgamation transfer, and if so, with
what results? 3) What problems work best for the reinforcement of
amalgamation transfer in pre-school children?

Amalgamation transfer is described by M. Hejny (Hejny, 2012) as an alternative
to the proceptual transfer in those schemes. Our approach to procept is based on
procept theory of E. Gray and D. Tall (PROcept, conCEPT). We understand
proceptual transfer as the ability to perceive a processually described situation
conceptually or conceptually described situation processually (Gray, Tall, 1994).
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METHODOLOGY

The research was conducted in January 2014 with children aged 5-6 (the last
year before they enter compulsory education) who had been attending nursery
school at least since September 2013. The children were from different nursery
schools from different regions, predominantly from North Moravia. Neither the
length of their nursery school attendance nor their age were taken into account.

The teacher worked individually with randomly selected pairs of children that
are referred to as childl and child2. Child1 had six cubes of the same size (2 red,
2 blue, 1 green and 1 yellow), 4 crayons (red, blue, green and yellow) and a
record sheet. The teacher had the same six cubes as the child and a record sheet.

We selected a cube construction built with six cubes of four different colours.
One of the four cubes on the first floor is invisible in the front view, one cube on
the second floor stands on a cube visible in the front view, the other stands on
the cube invisible in the front view, see fig. 1, which shows the plan of the
construction.

Fig. 1: Assigned construction — plan

The teacher placed the finished construction in front of child1 and asked him/her
to build the same construction. Child1 then worked on the construction and the
teacher gave verbal help if needed. This is the situation of amalgamation
transfer. The teacher’s construction is the input concept, the child’s work on
construction following the teacher’s model the process and the construction by
the child the output concept (identical with the input concept). The construction
was intentionally selected in such a way to force the children solve 4 key
problems of increasing difficulty: (1) the front row of cubes in the first floor, (2)
the yellow cube on the second floor of the front row, (3) the red cube “hidden”
behind the front row of cubes, (4) the blue cube on the second floor placed on
the “hidden” red cube.

After this the teacher asked childl to record his/her construction on a sheet of
paper (the child’s record sheet) in such a way that his/her friend (child 2) can
build the same construction following this plan. Child2 was sitting in such a way
that he/she could neither see the built constructions, nor the process of their
construction. Child2 gets child1’s record, six cubes from the original teacher’s
construction (the teacher does not need it any longer) and the task to build a
construction whose plan he/she got from child1. Childl does not watch his/her
work and the teacher provides no help. When child2 finishes work, the teacher
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makes the plan of child2’s construction into his/her record sheet. At the same
time he/she puts this new construction in front of childl and asks whether the
construction is the same (child1 now has both constructions in front of him/her).
His/her answer (yes — no) and the explanation of why they are not the same (in
case they are different) is recorded into the teacher’s record sheet. There are two
additional amalgamation transfers: from the concept “child1’s construction”
over the process of “recording the construction” by child 1 (drawing a picture)
to the concept of “picture”, and from the concept of “recording of construction”
over the process of “work on construction” by child2 to the concept of child2’s
“construction”. Child1 subsequently compares two concepts.

If child2 failed to build the right construction in the first attempt, the set of tasks
is repeated. Childl is asked to record his/her construction into the record sheet
again, child2 again tries to build a construction following the drawing, the
teacher again records this new construction into his/her record sheet and places
the construction in front of child1 asking whether the constructions are the same.
Child1’s answer (yes — no) and the explanation of why they are not the same in
case they are different is noted into the record sheet.

If child2 failed to build the right construction even in the second attempt, the
teacher asks childl to have a look at the construction and to help child2 verbally
to correct it. The teacher notes how this verbal help is formulated into his/her
record sheet.

THE PRESENTATION OF THE RESULTS AND THEIR ANALYSIS

Record sheets of 83 pairs of children were analysed in this research. We focused
on (1) how childl records his/her construction graphically, (2) if and how he/she
changes his/her recording of this construction if child2 fails to build the right
construction using it, (3) what concepts children use in their verbal
communication.

First we analysed recording of the front row of cubes on the first floor to find
out how children draw cubes in plane. There were two different ways, either the
cubes were represented by coloured squares (49 children) or by attempted
drawings-of colored squares, or the cubes were represented by some kind of
outline of squares in respective colours (34 children). 65 children drew squares
or their outlines with no space between them, fig. 2, 18 children used spaces
between the squares or their outlines, fig. 3. These data come from the first
attempt. A change in how cubes are represented between the first and second
attempt could be observed only in six cases which will be discussed in detail
later. The frequency of different cases is given in tab. 1.
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Fig. 2: Squares without spaces Fig. 3: Squares with spaces
without spaces with spaces in total
square 43 6 49
square outline 22 12 34
in total 65 18 83

Table 1: Recording of the front row of cubes on the first floor

In the next step we focused on how children recorded the yellow cube on the
second floor. In the first attempt, 76 children used the front view, fig. 2 and 3, 6
children the top view, fig. 4, and 1 child used translation of squares, fig. 5. 3
ways of recording the “overlay” of squares or their outlines in the top view
could be identified: drawing one colour over another, fig. 4, placing one square
inside the area indicated by outlines of another square, drawing the top part of a
square or oblong using one colour and the bottom part using another colour, fig.
11 — the second recording. 8 children did not need to work in the second attempt
(child2 built the correct construction in the first attempt). Out of the remaining
75 children, 65 used front view, 6 children top view and 4 children translation.
The frequency of different cases is given in tab. 2. We can see that even in the
second attempt children do not feel the need to change the way of recording the
yellow cube from the front view to the top view even though they use the top
view for recording other cubes in the construction in this attempt. The reason
may be that child2 is able to place the yellow cube correctly even when
following this “combined” way of recoding (front view and top view).

Fig. 4: Yellow cube in top view Fig. 5: Yellow cube in translation
front view top view translation
1% attempt 76 6 1
2" attempt 65 6 4

Table 2: Recording of the yellow cube
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In the next step we focused on recording of the red cube which is hidden in the
front view. We expected this task to be most difficult for children but hoped it
would guide them to discovery of a new method of recording. In the first
attempt this red cube was recorded in top view by 35 children (method A), fig. 3
— 5, this despite the fact that in the same plan the yellow cube on the second
floor was recorded in the same plan in front view, fig. 3. 25 children drew this
cube as a red square which has one common side with the green square but in a
different position than would correspond to top view (method B), fig. 2, 10
children as a red oblong which has one common side with the green square
(method C), fig. 6, 5 children indicate free parallel projection (method D), fig. 7,
4 children use their own unique way of recording, (method F), fig. 11. 4 children
left the cube out of their recording (it remained hidden). 8 children did not work
in the second attempt. Out of the remaining 75, 33 children used method A, 28
method B, 4 method C, 4 method D, 3 children changed their strategy to the
front view in which they drew the red square over the green square (method E),
1 child used method F and 2 children did not record the cube into their plan (the
cube remained hidden in the record). The frequency of individual cases is given
in table 3. This confirms our hypothesis on the need of a new way of recording
of the “hidden” cube. Children depart from the front view dominant in recording
of the yellow cube, table 2 — front view and look for new ways and methods. We
know that their activity in the second attempt was connected to cooperation with
child2. However, we did not consider this in the here reported experiment.

Fig. 6: Red cube as oblong Fig. 7: Red cube in projection
method A B C D E F Not recorded
1" attempt 35 25 10 5 0 4 4
2" attempt 33 28 4 4 3 1 2

Table 3: Recording of red hidden cube

In case of recording of the blue cube on the second floor, the same methods
were used as for recording the yellow cube on the second floor.

Then we analysed if and how children change their recoding of the construction
in the second attempt in relation to mistakes in child2’s construction according
to the first recording. We classified them as follows: change for better (A) — i.e.
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the recording in the second attempt is closer to reality, fig. 8 (a — first attempt, b
— second attempt), change for worse (B) — i.e. the recording in the second
attempt is farther from reality, (C) — recordings are different but their quality is
comparable (C), recordings are identical (D), there is no second attempt (D).
The frequency of individual cases is shown in table 4. In total 38 children
improved their recording (A), 8 children made it worse (B) — 4 out of them used
a sophisticated recording in the first attempt which child2 failed to interpret and
thus selected a method of recording more easily “comprehensible” for child2.
The method of recording changed without loss of quality in case of 14 children
(C), there was no change in recording in 15 children (D), 8 children did not
work in the second attempt. The following changes were classified as
improvement: omission of spaces between squares, unification of the method of
recording of the cubes on the second floor, change in position of the square
making it closer to reality (front view, top view), recording of the red cube
hidden in the front view, use of symbols (outlines of square instead of full
square, arrows, ...), use of two colours in one square. It could be often observed
that child2 worked with child1’s recording as if it were in top view — i.e. they
placed all the cubes on the first floor. Consequently childrenl in their
justification why the constructions were not identical described the need to place
some cubes on the second floor (using different formulations) and tried to deal
with this problem in their second recording (in different ways). The response
(wrong construction) of the constructors forced them to look for improved ways
of recording, which was our goal. In 4 cases children used arrows in their second
attempt, fig. 9 (a — first attempt, b — second attempt). We regard this method as a
highly abstract emphasis of the process of construction. We must bear in mind
that the quality of the second recording depends on child2’s construction. An
exceptional case of change for worse is recording in fig. 10 (a — first attempt, b —
second attempt), however, as it is the consequence of child2’s activity, it is not
taken into account in this research. The radical increase in number of improved
recordings (38 children) confirms how high the potential of the environment
Cube Constructions is in the studied age category.

A B C D does not work

38 8 14 15 8

Table 4: Changes between the first and second attempt
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Fig. 9b: Rec. with arrows, 2" attempt
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Fig. 10a: Recording, 1% attempt Fig. 10b: Recording, 2" attempt

Finally we analysed which concepts were used by the children in their verbal
communications. The most frequent were (1) adverbs, pronouns and
prepositions of place, direction and order: at the back, backwards, behind,
behind the other; at the top, to the top, on, just on, above, from above; at the
bottom, downwards, under, beneath; to the front, in front of; next to; on the
right, on the left, by the window, by the door, towards our teacher; to; on the
borderline, at the end; instead of; first, last; (2) adjectives — attributes: covered,
hidden; flat, tall; horizontal, lying; colours — red, blue, green, yellow; (3) verbs:
have a look, move; turn; swap, exchange, replace; put, stand; take away; be;
nouns: cube; corner; row; chimney, like chimney; tower. Formulations of most
children gradually improved (from brief explanations why the two constructions
are not identical to more detailed instructions on how to build it correctly — also
these instruction are refined if facing failure of the constructor, children use
more concepts and more accurate instructions). The following are some selected
interesting communications:

Marek: “If you look from the top, you see it as it’s there. Some cubes are on
top of another ...”
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Elen: (draws the front view, child2 interprets and builds as if it were top
view) “the cubes don’t look like my constructed cubes, they look
like my picture.”

Aneta: (draws the front view, child2 interprets and builds as if it were top
view) “This is lying and this is standing, that’s why it’s different.”
Nikol: (1% attempt) “The constructions are not identical because I didn’t

draw it correctly for Kuba.”, fig. 8a.

(2nd attempt) “The constructions aren’t the same because Kuba
didn’t understand, now I drew it correctly.”, fig. 8b.

Cyril: “If the paper was like a box or cube, I could draw it.”

Finally we present three recordings that were very different from all other. The
first two recordings, fig. 11, represent a unique method of depicting the cubes on
the second floor (the first recording was used by two children, the other by one
child). The third recording, fig. 12, is work of a three year old child (not
included in the experiment) and casts light on the issue of introduction of this
problem at different ages, or on selection of alternative tasks if the child is not
yet ready to master the methods of recording.

Fig. 11: Unique recordings Fig. 12: Recording of a 3 year old child

CONCLUSIONS

The results of the experiment prove that the environment Cube Constructions is
rich basis for posing a wide range of problems suitable for children of the
studied age category. All children discovered some method of projection of the
cube into a plane (although on different levels). In most cases, this method was
then refined in communication with child2: with respect to mistakes child2 had
made when constructing following child1’s recording, childl corrected the
original recording into a more “easily comprehensible plan”. Some of the
children came very close to the ideal recording of the plan for construction when
they produced the correct top view of the construction and depicted cubes on the
second floor by drawing them on the cube from the first floor or by recolouring.
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Childl was able to interpret his/her less comprehensible / incomprehensible
recording from the first attempt. They were able to reconstruct their construction
following their own record.

In the follow-up to this experiment we plan to verify if and in what activities the
children will be able to reach the ideal construction plan, fig. 1, or its analogy.
We propose the use of construction with three floors when it will not do to work
with two colours of a square. If this leads to a shift and unification in recordings,
teachers could start assigning simple tasks like: draw a plan of a construction,
build a construction according to its plan, move one cube and draw the plan ...
In the follow-up experiment we could also study the results of solution of
problems on different levels of difficulty. Moreover, we could start taking into
account the relationship between childl and child2, which was disregarded in
this experiment.

Intensive amalgamation transfer could be discerned in most children who were
solving the task. It clearly shows in the high success rate (the construction was
built correctly by child2 in the end) and in records from the experiment: childl
built the construction they saw correctly in most cases (concept — process —
concept), recorded the construction (concept — process — concept), child2 built
the construction correctly (concept — process — concept). Some children even
used symbols — arrows (emphasis on process).

The results of the experiment show that the selected task was adequately
difficult for the studied age group. All children tried to solve the task and only a
small proportion of them could not cope with cubes on the second floor or with
the hidden cube. In these cases the solutions are different but this divergence
forms a solid basis for further research on optimal recording of the construction.
In this further research we plan to work in groups which will guarantee transfer
of thoughts and their joint development.

It would be very interesting to explore the relationship of selected method of
recording of the construction with future school success. Our assumption is that
these are closely related (the higher the level of work with schemes, the higher
performance in school mathematics, namely geometry). In that case construction
recording could become a possible a diagnostic method.

Acknowledgement. The research was supported by the research project No. 15
(PRVOUK) School and the teaching profession in the context of increasing
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AN INVESTIGATION OF THE VISUAL-MENTAL
CAPABILITY OF PRE- AND IN -SERVICE MATHEMATICS
TEACHERS: A TALE OF TWO CONES

Ruthi Barkai & Dorit Patkin
Kibbutzim College of Education Technology and the Arts

This study investigated the visual-mental capability of pre-service and in-service
mathematics teachers as well as university graduates making a career change to
mathematics teachers with regard to manipulations of geometric shapes (from
2- dimensional to 3-dimensional). Moreover, it investigated whether there are
differences between the visual-mental capabilities of these participant groups.
The study included an assignment, which requested mental imaging. The
participants were asked to explain their solutions and to describe their phases
and their solution process. Findings illustrate that a very low percentage of
participants manifested a visual-mental capability in the task. The study
indicates that learners’ high visual view should be developed in order to
enhance their visual-mental capability.

INTRODUCTION AND THEORETICAL BACKGROUND

Mathematics educators concur about the importance of developing spatial
orientation and visual-mental capability for the enhancement of mathematical
thinking in general and visual thinking in particular (Patkin & Dayan, 2013;
Halpern, 2005; Sorby, Wysocki & Baartmans, 2002).

Solid geometry is one of the topics of geometry studied from kindergarten,
throughout the years in elementary school, through high school and up to
mathematics teacher education in college in Israel. Quite a few studies explored
children’s thinking related to spatial orientation in general and perception of
concepts associated with spatial geometric shapes in particular (Shaw 1990;
Yackel & Wheatley, 1991; Hannibal, 1999). Spatial comprehension comprises
two components: visual-mental capability and spatial orientation. Spatial
orientation is the position of an object in space with regards to a frame of
reference that is chosen. Visual-mental capability is the ability to imagine 2-
dimensional shapes and solids as well as their movement or change in their
attributes (Del Grande, 1990).

Developing visual-mental capability is based on learners’ experiences and
activities with 3D shapes, using illustration aids and actual experience of
building 3D shapes (Patkin & Sarfaty, 2012). The National Council of Teachers
of Mathematics (NCTM, 1998, 2000) defined several standards, principles and
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tools for teaching mathematics at different ages. The document explicitly states
that the development of visualisation is one of the tools for solving mathematical
problems:

Students should gain experience in using a variety of visual and coordinate
representations to analyse problems and study mathematics... beginning in the
early years of schooling, students should develop visualisation skills through
hands-on experiences with a variety of geometric objects... students need to
learn physically and mentally to change the position, orientation and size of
objects.... One aspect of spatial visualisation involves moving between 2- and 3-
dimensional shapes and their representations...(NCTM, 2000, pp. 42—43).

Walker, Winner, Hetland, Simmons & Goldsmith (2011) argue that, although
the importance of visual-mental capability is recognised in the learning of
mathematics, solid geometry is usually studied with a strong emphasis on the
formal aspect and symbolic representation rather than on visual-mental
capability. They noted that teaching which integrates formal aspect and visual
aspect facilitates complete conceptualisation of geometric ideas and the ability
to cope with geometric assignments. This attitude is supported by the work of
the mathematician William Thurston, winner of the Fields Medal in 1982. He
became famous after illustrating the power of visual representations in the
conceptualisation of abstract mathematical ideas. He claimed that using visual
tools for representing abstract mathematical ideas contributes more than formal
proofs. Consequently, he developed ways for teaching geometry by means of
visual arguments (Horgan, 1993).

According to Presmeg (1986) and Bishop, (1989), the ability to create mental
pictures may improve the understanding of mathematics concepts and problem
solving. In her study, Cohen (2007) discussed the analysis of geometrical
thinking processes of pre-service teachers and in-service teachers while
performing tasks in the 3-D space. Her main goal was to identify supporting and
hindering factors which affect the cognitive processes and to examine the effect
of combining visual imaging and analytical difficulties and misconceptions.
Cohen's findings supported the premise that strengthening the use of analytical—
visual integration enables improvement of the ability to imagine pictures.

Strengthening the analytical-visual connection facilitates a more comprehensive
understanding of concepts and space relations. Walker et al. (2011) investigated
whether students of art have high visual-mental capability, because art is an area
of knowledge requiring high visual-mental capability. Their study consisted of
two student groups: art students and psychology students. The participants were
asked to respond to items designed to check visual-mental capability. Answering
these items required 2- and 3-dimensional visual-mental capability. Findings of
this study showed that the art students demonstrated better capabilities in
solving the geometric assignments. Moreover, it illustrated that there was
a considerable difference in their visual-mental capability versus those of the
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psychology students. All these findings corroborate the researchers’ claim that
developing visual-mental capability in art improves geometric thinking.

Hence, in-service and pre-service mathematics teachers should be aware that
using a variety of assignments engaging in visual-mental capability as well as
shifting from 2- to 3-dimension.

One of the ways to improve this capability is to advocate the use of a reflective
written record (one of the communication manifestations) in order to promote
mathematical thinking and the learners' ways of coping with mathematical
material. Furthermore, writing serves as teachers' diagnostic tool so that they can
monitor the development of knowledge and mathematical thinking, as illustrated
by the learners' written explanations and arguments (Patkin, 2011). The process
standard Reasoning and Proof calls for students to be making conjectures and
generalizations and evaluating these conjectures and generalizations. Students
cannot do this without effective communication. Communication also brings
forth the teaching principle, which challenges teachers to know what it is the
students already know and need to learn, and then to help challenge and support
them in these endeavors (Sample, 2009).

Our study focuses on the visual-mental capability of pre- and in-service
mathematics teachers. Therefore, the research questions are:

(1)  What is the visual-mental capability of the pre- and in-service
mathematics teachers regarding manipulations of geometric shapes
(from 2-dimensional to 3-dimensional)?

(i) Are there differences between the visual-mental capabilities of these
participant groups?

This paper focuses on a assignment that dealt with an unfamiliar rotated solid
(solid consisting of two cones with a common basis). The assignment does not
depend on formal knowledge of geometry, e.g. definitions, theorems and proofs
but rather focuses on geometric thinking. It requires reliance on vision and
ability to imagine solids.

METHODOLOGY
Research Population

The research population consisted of 87 participants learning in an academic
college of education. The participants were divided into three different sub-
groups. The first sub-group comprised 46 pre-service teachers in their first year
of studying to become elementary school mathematics teachers (1% year). These
participants have never taken any academic geometry course on the topic of
solids (3D). The second sub-group consisted of 18 university graduates making
a career change to mathematics teachers (career change) .These university
graduates are in their first year (out of two years) of studies for obtaining
a teaching certificate. The third sub-group included 23 in-service mathematics
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teachers studying towards an M. Ed. in mathematics education for elementary
school (M.Ed.). These teachers have B.Ed. in mathematics and teach geometry
including the topic of solids (3D) at their school.

The Assignment

The participants were asked to solve the following assignment: Imagine you are
holding in your hand a paper square, holding it at two opposite vertices. Now
rotate the square so that the diagonal between those vertices constitutes the
rotation axis. Which image of a shape is created?

As already mentioned, this assignment does not depend on formal knowledge of
geometry, but requires reliance on vision and ability to imagine solids. In order
to investigate the in-service and pre-service teachers’ ability to solve this
assignment by mental imaging, without manipulation of external
representations, the participants were asked to respond to the assignment in as
detailed a manner as possible, using words but without using a drawing. In case
they used a drawing, they were asked to explain why they did it, indicating at
what stage of the answering process they decided to use a drawing (prior to the
solution, during the solution or as a backup of the solution they suggested).

The assignment requires rotating a square page whose diagonal serves as the
rotation axis, creating a 3-dimensional solid comprised of two cones with
a common basis. It is important to point out that rotating an isosceles right-
angled triangle around the altitude to the basis of the triangle creates an image of
a cone (3-dimensional figure).

' >

Picture 1la. Rotation of an isosceles right-angled triangle

The diagonal of the square divides it into two congruent isosceles triangles.
Hence, rotating a square page around its diagonal creates a solid consisting of
two cones with a common basis.

Picture 1b. Rotating a square page around its diagonal
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FINDINGS

Table No. 1 presents the distribution (%) of correct and incorrect answers given
by the participants to the assignment. Moreover, the table indicates the
participants who did not respond to this assignment. The table refers to each of
the three sub-groups participating in the study: pre-service elementary school
mathematics teachers in their first year of studies; university graduates making
a career change to mathematics teachers; and in-service elementary school
teachers studying towards an M.Ed. in mathematics education.

Sub- Group N Correct Incorrect Did not
respond

1" year 46 0 41 (89%) 5 (11%)
Career change 18 7 (39%) 6 (33%) 5 (28%)

MEd. 23  4(17%) 14 (61%) 5 (22%)
Total 87 11(13%)  61(70%) 15 (17%)

Table No. 1: Distribution (%) of answers in the cones assignment

Table No. 1 illustrates that only 13% of the research participants gave a correct
answer and identified that the resulting solid was two cones with a common
basis. These were the university graduates making a career change to
mathematics teachers at elementary and junior high schools and in-service
teachers studying for M.Ed. in elementary school mathematics education. 89%
of the pre-service teachers in their first year of studying to become elementary
school mathematics teachers did not respond correctly to this assignment. The
other 11% failed to respond to this assignment. Among those learning towards
an M.Ed. and the career-changing, the percentage of non-respondents was twice
higher and even more than that (22% and 28% respectively).

As for the participants who answered this assignment correctly, the findings
show that only five (out of the 11 who responded correctly) offered arguments.
All the arguments presented were correct and related to essential attributes of the
created solid. The participants pointed out that one diagonal of the square is the
diameter of the obtained cones whereas the second diagonal constitutes the
altitudes of these cones. The sides of the square are the creating line segments of
the cones. Below are the explanations given by the participants.

“The diameter is the diagonal of the square. The creating line segment is the side
of the square” [In-service teacher R];

“The radius of their bases is half the diagonal of the square and their altitude is
half of the diagonal of the square and you connect them at their bases” [In-
service teacher MJ;
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“The ends of the square (the vertices which we are not holding) create a circular
basis (collection of dots equally positioned from the centre of the square which
becomes the centre of the circle” [In-service teacher A];

“The side of the square will become the creating line segment of the cone on
each side” [Career change C];

“The vertex of the cones will be the opposite vertices of the cube which are held
in both hands. The rotation around the diagonal axis of the square turns the
diagonal of the cube in the connection of the two cone altitudes” [Career change
F.

It is worth noting that some of the participants, including those who did not give
any mathematical argument, described their decision-making process regarding
the (correct) answer.

The participants indicated that for the purpose of making a decision or checking
their answer, they used a tangible item available to them such as a notebook, a
notebook page or a handkerchief. They did not rely only on the mental picture of
the solids.

“I used the examination page in order to see what we get. It took me time to
understand the problem. Only after rotating the page several time | saw these
were two cones connected at the basis” [In-service teacher HJ;

“It 1s interesting to point out! Rotation of a square is done in the head, but as
backup I rotated the exam notebook™ [Career change O];

“I used a drawing and, mainly, a handkerchief in order to comprehend the
meaning of rotating around one axis while the other axis (the second diagonal) is
turning around” [In-service-teacher S].

Table No. 2 presents the variety of incorrect answers given by the participants.
The table relates to the distribution of the incorrect answers about 3-dimensional
solids and to the distribution of incorrect answers about 2-dimensional shapes.

Table No. 2 shows that 39 incorrect answers related to solids and 22 answers
related to incorrect shapes. Among the 1% year participants, 13 types of incorrect
answers were found. The most prevalent incorrect answer was the cylinder. This
answer might have been given based on the knowledge that rotating
a rectangular paper page around one of its sides results in a cylinder. This
answer did not relate to the fact that the rotation axis in the assignment was not
one of the square sides but rather its diagonal. Additional five types of incorrect
solids (10 answers) and seven types of incorrect shapes (17 answers) were
presented by the participants of this sub-group. Among the university graduates
making a career change to mathematics teachers, three types of incorrect
answers were given. Half of the university graduates (three out of six) indicated
that the created solid would be a ball. Another type of incorrect solids (one
answer) and one type of incorrect shape (two answers) were also presented by



An investigation of the visual — mental capability of pre — and in — service mathematics teachers 77

the participants of this sub-group. The in-service teachers studying for an M.Ed.
presented a variety of eight incorrect types of answers: eleven participants of
this sub-group related in their incorrect answer to different solids and three
others related to two types of 2-dimensional shapes.

Figure The answer 1% year Career M.Ed. Total
change
N=41 N=6 N=14  N=61
Cone 3 1 4
Cylinder 12 1 13
Ball 3 3 6
3-D Pyramid 2 2
Cube 2 1 1 4
Square prism - box 2 2
2 square pyramids with a 4 3 7

common basis — octagon

A very thin body 1 2 3

Square 4 2 6

Circle 2 2

2-D Triangle 3 2 1 6
Rhombus 4 4

Kite 2 2

Parallelogram 1 1

Other 1 1

Table No. 2: Distribution of incorrect answers in the cones assignment

DISCUSSION AND CONCLUSIONS

This study focuses on mathematics education and, therefore, engages in the
knowledge of pre-service and in-service teachers. This population has been
extensively researched in studies of mathematics education with the purpose of
exploring the knowledge and capabilities of mathematics teachers. The research
aim was to explore the visual-mental capability of pre-service and in-service
mathematics teachers as well as of university graduates making a career change
to mathematics teachers regarding manipulations of geometric shape.

Only a few studies investigated the visual-mental capability of pre-service and
in-service teachers at different stages of their education regarding manipulations
of geometric shapes and transition from 2-dimensions to 3-dimensions. Studies
focusing on the relation between visual capabilities (e.g. of art students) and
formal aspect of geometry illustrate that visual art can serve as a starting point or
even as a jumping board for learning geometry and enhancing geometric
comprehension. Visual capability can be a useful tool for promoting geometric
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comprehension, mainly when focusing on dynamic geometric thinking instead
of memorisation and application of static rules and geometric relations (Seago,
Driscoll & Jacobs, 2010; Walker et al., 2011).

The study conducted by Walker et al. (2011) investigated students of
psychology and art in order to check whether they have different visual-mental
capabilities of solving assignments dealing with manipulation of shifting from 2-
dimensions to 3-dimensions. This study, however, aimed to examine the visual-
mental capabilities of pre-service and in-service mathematics teachers with
regard to these unusual assignments which are not studied directly in the
curriculum. All the participants in this study have high school education,
including matriculation in mathematics. They were directly or indirectly
exposed to solid geometry during their previous studies (the differences reside in
the number of mathematics learning units they took at high school).

Findings show that the participants demonstrated low visual-mental capability in
a less familiar assignment which is not so prevalent in their professional world:
identifying the solid created by rotating a square around its diagonal (13%
answered correctly and 70% answered incorrectly). This finding is typical of all
the participants of this study regardless of the sub-group to which they belonged.
The participants presented a variety of incorrect answers (70% and 17% did not
respond). Some of the mistakes were characterised as a misconception in the
transition from a 2- to 3-dimensional shape. Many of these participants related
to a cylinder or cone on the one hand or to solids whose basis is not round, such
as a rectangular prism or a cube on the other hand. Another typical
misconception was that the rotation had no effect on the shape dimensions,
namely the participants perceived that the created shape was 2-dimensional
following the rotation.

Yackel and Cobb (1996) note that in classrooms, where students are challenged
to think and reason about mathematics, communication is an essential feature as
students express the results of their thinking orally and in writing. They
emphasize that explanations should include mathematical arguments and
rationales, not just procedural descriptions or summaries. The participants in this
study were asked to communicate in writing. They were also required to add to
their answer regarding the type of the obtained body some written explanations
and a description of the decision-making process associated with the answer,
which led to identification of these misconceptions. It is similarly to the study
conducted by Patkin (2011).

In light of the difficulties encountered by the pre-service teachers, in-service
teachers and the career-changing university graduates in this solid geometry
assignment, we believe that using operational ideas such as the assignments
included in this study can develop learners’ spatial orientation as well as help
those engaged in the teaching of geometry to enhance the learners' geometric
thinking.
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Findings of this study illustrate the importance and contribution of visual-mental
capability to geometric thinking, even in studies of another area of knowledge,
art for example. Hence, it is recommended integrating in geometry teaching
activities which nurture and develop a visual-mental capability at all stages of
learning and in different pathways, from kindergarten to academic education.
Learners’ visual-mental capability might be developed not only within the
framework of geometry teaching but in other areas as well and thus their spatial
orientation and geometric thinking would be enhanced.



COMMUNICATION OF STUDENTS WITH EDUCATIONAL
MULTIMEDIA PROGRAMS TO LEARN MATHEMATICS®

Jan Amos Jelinek
Academy of Special Education, Warsaw

The learning process is a constant exchange of information between the teacher
and a student. If the teacher be substituted by a computer — a programmed
machine — it not only needs to act as sender, but also to be sensitive to the
feedback from the user. According to the research, it is the sensitivity for user’s
feedback that proves educational efficiency of modern computer programs.

Communication is the exchange of information between a sender and a receiver.
The transmitted material is a certain information unit — the message. In order for
the message to be received correctly its sender needs to prepare the information
in an appropriate way (so that its content is understandable) and decide on an
adequate way of transmitting it — choose the information channel.

In education, the communication between the teacher and the student is the most
important process determining learning. If the message is unclear (eg. too
complicated), the receiver is not able to render it, understand it and as a result
remember it. Messages can also be sent with an inaccessible channel, eg. in
a different language or using symbols which are not yet known to the child. The
way of sending the message plays a vital role in the learning process. If the
teacher-sender transmits the pieces of information too quickly one after another,
the receiver may be unable to receive them all, understand them and master
them. Distracting stimuli, accompanying the message and disrupting its
reception, are factors disturbing the whole communication process.

What plays an important role in the communication (and learning) process is the
right, reception-focused approach of the receiver — attention. If the receivers-
receptors (eyesight, hearing, etc.) are not focused on receiving and processing
information, the efforts of the sender trying to convey the message are in vain.

The goal of the communication process is exchange of information. In order for
this process to take place both the sender and the receiver need to show signs of
understanding and assuring, which can be described as | understand, please
continue. If the receiver does not send such information to the sender, the latter

! The text comprises abstracts from the unpublished doctoral thesis written under the direction of Prof. Edyta
Gruszczyk-Kolezynska, PhD, at the Faculty of Pedagogical Sciences of the Maria Grzegorzewska Academy of
Special Education in Warsaw.
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does not know, if he/she was understood correctly. Therefore, the role of the
receiver is sending some feedback.

Teachers, whose main role is sharing information, transmitting it to others in an
understandable way, need to master the art of sending messages and pay
attention to feedback information. Moreover, they need to focus on logical
ordering of the message contents and adjusting them to the possibilities of the
receiver.

Mathematics teachers have a specifically difficult task, where the language of
the message they use is encoded in the special language of mathematic symbols.
Introducing the system of symbols to the students requires from the teacher to
properly structure the mathematic content. An additional hindrance is the fact
that mathematical competences are measured by solving difficult tasks,
requiring the knowledge of complex symbols. As the system of symbols is, for
obvious reasons, not accessible to children, the teacher needs to introduce it
gradually. The first stage is creating the ability to solve tasks relating to concrete
objects that the students can manipulate with. The teacher writes the operations
in a symbolic way. Learning the secrets of math the students are introduced into
the world of encoding first on the level on concrete objects and operations
connected with them (adding/removing), then on the level of signs substituting
the concrete operations — symbols (addition/subtraction).

Considering the communication aspect, the role of a math teacher is not only
giving the students more and more difficult tasks to solve. They also need to pay
attention to understanding the content of the task and to control how the students
solve it. It is of special importance when there are weak students in the class,
who cannot use the information from the task in order to find the solution by
themselves.

In a class the teachers support their students with various forms of help.
Offering individual help the teacher:

e points out the information skipped by the student, which is the missing
link to solve the task;

e tells the missing information that the student does not know or forgot;

e solves a part or the whole task, showing the student the correct algorithm
and allowing the student to use it in another task.

Due to the fact that in a class at school the teacher needs to deal with many
students at the same time, he/she encourages the students to try to find the
solution by themselves. However, the students can reach the solution using
different strategies. If it is an arithmetic task, the student may:

e establish the solution mentally;
e use an abacus or concrete representations (eg. finger count);
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¢ hide the way of solving the task and copy the answer from a colleague;
e guess at random and write an approximate number without calculating.

The strategies used by students depend to a great extent on their previous
experience and mathematical skills. However, regardless of the skills, the
teacher needs to pay attention to independent task solving because it is the only
way of acquiring task-solving skills (see J. Bruner, 1978, p. 676-677). In order
to encourage the students to choose the right strategies the teacher applies a
system of punishment and reward in form of school grades. However, students
are also subject to social pressure (from peers, parents and the teacher).

The aim of the research

School education has been supported by multimedia resources for a long time,
most of these resources are computer-related. Modern multimedia programs are
an alternative to the typically frontal lessons, where the teacher controls the
learning process of all the students in the class. Multimedia programs, acting as
a teacher, need to influence the receivers in a programmed way. On one hand the
messages (instructions, tasks) need to be understandable and adjusted to the
students’ skills and on the other hand the punishment and reward need to be
adjusted to the motivation level. It seems that fulfilling these criteria should
guarantee high efficiency of multimedia programs. Unfortunately there are still
different opinions among specialists concerning their efficiency (see Raszka R.,
2008; Kengfeng K., 2008). The most popular condition of educational efficiency
of a program is comparing the students’ results before they started to use the
program with the results after a series of computer sessions. In such
a comparison the way, in which the students use the computer program — the
process of communication with the program, is not taken into account. Further it
will be proven a mistake. Including the way, in which students use the
multimedia programs, allows us to check if the means of solving tasks on
computer screens are the same as those encouraged by the teacher (independent
ones). Based on the above it was tried to establish what is the communication
between a student and a computer program for learning mathematics.

Methodology

The research was based on the best-known and most popular program for
learning mathematics in Poland: ,Klik uczy liczy¢” (see Ktlosinska T. and
Witoch S., 2002). The program is aimed at children aged five to nine. All of the
Polish research (Kaczmarek Z., 2003; Watota A., 2006; Raszka R., 2008)
showed that the program is very efficient for gaining mathematical knowledge
and skills.

The research was conducted on 25 first grade students. None of the researched
students had known the computer program ,,Klik uczy liczy¢” before and all of
them were familiar with the computer to the extent allowing to use the program.
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The research was based on the technique of one group of the experiment. In the
beginning of the research a test of mathematical knowledge and skills was
conducted and then the students were split into two groups — experimental (12
students) and control (13 students). The experimental group was to use the
educational multimedia program during ten sessions. None of the sessions were
time-limited and the ways of using the program were also unlimited. During the
sessions the students were watched by a researcher and recorded with a program
working in the background of the educational program. It recorded not only the
picture of the child but also screen prints, the instruction sound and the keys
clicked by the student. Whereas the students from the experimental group used
the educational program, the control group only took part in educational classes
in the classroom (they did not use the program). After five months (the period of
research), when the series of computer sessions were completed, all of the
students were tested once more regarding their mathematical knowledge and
skills.

That research was a quality research as the main focus was on analysing the
behaviour of every one of the twelve students from the experimental group.
Repeated analyses of the film material allowed to describe how the students use
the educational program. How they deal in difficult situations, how they
approach the more and more difficult tasks, in what situations they resign from
executing the speaker's instructions and what they pay special attention to when
using the program. All of the aspects of the communication-process-related
behaviour shall be shown on the example of Dominik. The boy was chosen due
to the fact that among the twelve students he was the only one assessed by the
teacher as the weakest in the class, and those — according to the common
opinion — should solve much more tasks. He was repeating the grade, according
to the teacher, mostly due to frequent absence from classes. The teacher
described the eight-year-old as willing to learn but unable to gather enough
experience in solving tasks due to difficult family situation.

The description of the way of using the computer program by Dominik will
analyse: time of using the computer, the number of tasks solved and their
difficulty level and the way of solving the tasks (arithmetic and content-based
tasks) in the ,Klik uczy liczy¢” program. This way the communication of
a student with a very low level of mathematical skills with a computer program
will be described. Finally the results of the boy's first and second mathematical
knowledge and skills test will be compared to establish the educational
efficiency of the computer program.

The presentation of the results and their analysis

Dominik took part in nine sessions with the program ,,Klik uczy liczy¢”, lasting
319 minutes altogether. During those 5 hours (and 19 minutes) he solved 297
tasks. Most of them (118) were level two (addition 1 to 10 tasks). He also solved
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many tasks (140 altogether) on higher levels (4-6)°. The difficulty level of the
tasks was frequently modified by the boy. Dominik initially chose the most
difficult tasks — probably to check what they look like. Solving them he
overused the strategy of trial and error method resulting in lowering the
difficulty level by the program. He also often moved the difficulty slider by
himself, so that he would solve easier tasks, resigning from intellectual efforts.
The observed tendency is shown by data in Table 1. Based on the data the trend
to pick easier tasks is very clear. Based on a thorough analysis of the boy's
behaviour, his way of using the computer program can be described as focused
on the program.

Session 1 2 3 4 5 6 7 8 9
(min.) (45) (27) (52) (44) (38) (26) (29) (36) (22)

Difficulty levels| Number of tasks solved during every session ordered by difficulty levels

17

6 7

5 3 4 8

4 28 39 3

3 20 22 5

2 19 20 36 40 3
1 17 22

Table 1. The number of meetings, their duration, number and difficulty level of the
tasks solved by Dominik in the ,,Klik uczy liczy¢” program. Own elaboration.

Dominik's behaviour showed that he adjusts the task solving strategy to his
subjective estimation of the task's difficulty. If the task seemed easy for him, he
tried to solve it himself establishing the result mentally or finger-counting.
When the task was too difficult or not understandable (eg. due to a complicated
instruction, too complex background picture for the task or including the
multiplication sign — unknown for him), the boy gave up his own strategy for the
strategy suggested by the program authors (counting objects in a program
window). If the task did not involve objects to be counted Dominik solved it
with trial and error method or resigned from solving the task and exited it
(escape strategy). Situations when Dominik changed the strategy depended on
the difficulty level of the tasks shown on the computer screen.

Analysing the way of solving tasks by Dominik in the ,Klik uczy liczy¢”
program it needs to be noticed that the methods of establishing the result used by
the boy were not consistent with the assumptions of the authors of the program.

2 Level three (subtraction 1 to 10) — 48 tasks, four (addition and subtraction within 20) — 70, five (addition and
subtraction to full tens) — 15 and 7 from level six comprising addition and subtraction double digit numbers
within 100).
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He often used techniques helping him avoid intellectual efforts. He did it in spite
of the help options provided by the program, such as lifeline. In the software
instruction the option was described as a way of solving the task by the program.
After choosing it the program wrote part of the answer (eg. the units digit).
Dominik never used that option, even though its icon was visible on the
computer screen all the time.

When comparing the strategies used by the student to the type of the task a clear
difference can be noticed if we group the tasks depending on if they gave the
possibility to count concrete objects or not. The result of the comparison shows
that Dominik preferred solving tasks by counting the objects in easy tasks (up to
level four according to the scale defined by the author of the program), even
though he was able to solve them mentally. In the tasks without objects to be
counted (from level five up) the student preferred establishing the result by trial
and error method. This phenomenon is shown clearly by data in Table 2.

Easy tasks Difficult tasks
The authors' Counting objects 206 1
strategies Mental calculations 16
, Finger counting 9 2
yr]aetzuigsms Trial and error method 21 20
g Escape using it did not provide a solution

Table 2. The number of using five strategies for solving easy (with objects to be
counted, levels one to four) and difficult tasks (without objects to be counted, levels
five to 17)%. Own elaboration.

| shall quote the transcription of meeting 3, where Dominik frequently used the
strategy of counting objects resigning from finger counting:

(...) stopped the instruction with a mouse click and started solving the first task. He
solved the operation 4+5 by finger counting (there were also objects to be counted
on the screen). All of the following operations (3+7, 6+3, 3+3, 3+4, 2+2, 1+8) he
solved by counting the objects (...). He chose the next book. He solved the
operations 5-2, 4+5 by finger counting. He solved the following ones (3+4, 4+2,
4+4, 1+5, 4+6) by counting objects. (...). During counting he moved his head
closer to the screen and moved the cursor as a pointer on the screen.

The objects to be counted on the screen were small and the program window
only took a half of the whole screen, what additionally made noticing the
smaller objects more difficult.

¥ As it was not possible to establish explicitly what strategy was used by the student (eg. mental calculations or
quiet counting objects on the screen), therefore the numbers in the table are not consistent with those in Table 1
and 2.
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Dominik was very absorbed by the program. He was excited about everything it
offered: rewards, animations, pictures, music, activities and the tasks
themselves, but the last ones were treated as a means of getting a reward. He
tried to solve the tasks the best that he could, however, his low level of
mathematical skills made him use strategies accessible for him, such as trial and
error, in order to get the reward. One has the impression that with every
subsequent session with the program Dominik paid less attention to the tasks
and focused on finding pleasures such as: films, animations, pictures, hidden
tasks in the program, etc. He also tended to look for easier tasks. It was clearly
visible during the last sessions. Following there is an example of his behaviour
observed during the sixth session:

(...) chose the task ,,family picture”. However, after starting it he resigned. He did
similarly with the task , Uncovering” (...), and also later when he picked the
,park” environment from the main menu and then the tasks: , traveller in the
park”, ,,memory” and ,,uncovering” were all exited immediately after being
started. The first task completed by him was ,,trash” — grouping of trash to the
appropriate containers. Dominik's behaviour — going through the program and
solving chosen tasks is a sign of looking for tasks fulfilling precise criteria. Tasks
omitted by him show that he tried to avoid tasks based on calculating or doing
memory activities (such as ,,memory” task).

It is clear that during the following meetings not only did the student's
motivation to solve difficult tasks drop, but so did also his motivation to use the
program at all. The effect was that Dominik asked (in session nine) to stop the
experiment®. He expressed that wish even though he had not opened all the tasks
in the program yet, did not collect all the stickers in the album and did not see all
the movies — rewards in the program. The wish to stop the research earlier
applied to all the remaining students from the experimental group. It shows that
the students were bored by the program before uncovering all its secrets.

The final, most important aspect of assessing the efficiency of using an
educational program by students is establishing what change occurred in the
students as regards their mathematical knowledge and skills. In order to
establish it the researcher compared the pre-test and post-test results in the
experimental group and the control group. Dominik's results are shown in
Table 3.

The data from Table 3 show that Dominik was able to solve tasks on the high —
fourth level of difficulty (it comprised operations such as adding and subtracting
1 to 10)°. In spite of the ability to solve more difficult tasks he solved most of
the tasks on easier levels — first three difficulty levels (205 out of 297 tasks
solved).

* To remind: the students were allowed to use the program for ten sessions
5 The students practiced such tasks in the class during the research.
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Difficulty levels of the tasks 1 2 3 4 5 6 17
Pre-test results X

Number of tasks solved 39 118 | 48 | 70 15 7

Post-test results X

Table 3. Number of tasks solved by Dominik from the experimental group according
to 17 difficulty levels of the tasks, including the results of the first and the second test
of mathematical skills and knowledge. Own elaboration.

The results obtained from the second test of mathematical knowledge and skills
show that the boy did not improve his ability of solving tasks. But the data
gathered from the analysis of the film material show otherwise. On the computer
screen Dominik solved 22 more difficult tasks (levels five and six). This shows
that the student did not do them by himself. Solving these tasks Dominik used
the trial and error method. Having this information one cannot speak strictly
about independent task solving. But it needs to be remembered that this way of
solving the task is treated as correct by the computer. A computer program,
unlike the teacher, can be cheated on by the student as it is unable to recognise
when the student establishes the result by a random answer and when they in
fact do the operation. The authors of the ,,Klik uczy liczy¢” program tried to find
a way out by creating a program blockade. It was impossible to write an answer
when the student gave a wrong answer three times one after another in short
periods of times. It was unblocked automatically after a few seconds. It was not
described in any part of the program or on the leaflet. Therefore, the students
were surprised when they came across it and saw no solution on the screen in
spite of having written all the digits. Dominik, who used the trial and error
method, came across the blockade early. But he quickly avoided it by slowing
down the pace of writing the answers.

The student described in this article experimented with the program, avoided
difficult tasks and looked for attractive parts and reward with minimal
intellectual efforts. The program was not able to use the attractiveness of the
rewards to encourage the student to make more efforts. Due to many negative
experiences connected with solving tasks Dominik gave up the effort of solving
difficult tasks where there was the danger of failure. In this aspect the program
should adjust the help options better in order to minimize the fear connected
with failure. But in this case the only form of help (apart from counting the
objects in the easier tasks) was the lifeline. But it was not discovered by the user
as this option was not introduced in a clear way. Based on the behaviour
analysis of the students taking part in the project it needs to be stressed that the
sensitivity to feedback from the users is the deciding factor in shaping the
mathematical knowledge and skills by an educational program.
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As shown in Table 3, even though Dominik solved additionally 297 tasks in
a multimedia program, he did not prove a change showing gaining new
knowledge and mathematical skills. Such a change would indicate the
educational efficiency of the program. Lack of change suggests that the
multimedia program was not effective in case of Dominik. It needs to be
stressed that among 12 students from the experimental group only three
indicated the probability of influence of the multimedia program on the learning
process (see Jelinek J., 2014).

Conclusions

As shown in the introduction, solving tasks is the basic way of learning
mathematics. Task situations are difficult and require intellectual effort from the
students. In order to avoid difficult situations the student may use different
strategies. As shown by the research, a weak student, who needs a large number
of experiences in task solving, prefers the strategies of avoiding intellectual
efforts. Based on the research it was concluded that the more a child knows
about mathematics, the more he/she uses the program according to the
assumptions of the authors of the program. In other cases the child uses
strategies not leading to gain new information or mathematical skills. These
results are also confirmed by Kengfeng Ke (2008), who analysed the use of
computer programs and games for learning mathematics. He concluded that the
students are not able to use information gathered during the usage of these
programs in tests outside of the computer screen (eg. paper and pencil
eXercises).

As shown by B. Skinner® — researcher of teaching machines of the 1930s

between a program and a student there is a constant exchange (...), the machine
insists that the student fully understands the task, or rather every unit of it — smaller
or larger, and only then it allows them go to the next point of the program (...). The
machine shows only what the student is already prepared for and it makes them
only make the step with the best chances of success at that time. The machine helps
the student find the correct answer and it does it to some extent with the ordered
structure of the program (...). The machine rewards the student for every correct
answer, just as a private teacher, and it uses instant feedback for that.

The communication between the program and a student is aimed at gaining
skills by the students. However, unless the student is focused on receiving the
messages from the program-teacher and willing to make efforts in solving tasks
or is subject to external control of an adult, using a multimedia educational
program will be inefficient.

It needs to be remembered that the communication of the teacher with the
students in the classroom (at the board or at the desk) has a personal character.

® B. Skinner, The Technology of Teaching, New York, Appleton-Century-Crofts, p. 37-39
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The effort made in front of the computer screen has a different dimension. The
child does not have to anticipate unpleasant social consequences caused by
using wrong strategies, even though they know that they are using an
educational computer program. A weak student, whose experience is full of
failures, treats the multimedia program as a source of fun. Therefore, the student
requires external control because the educational program itself is too attractive
for him/her and they are not able to focus on the educational content of the
messages.



PRODUCING AUDIO-PODCASTS TO MATHEMATICS
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The use of digital media in the mathematics classroom affords different means of
communication. With the recording of mathematical audio-podcasts, oral
communication and representation are focussed. This paper deals with the use
of mathematical audio-podcasts in primary education. First, the steps of
production and the aim of mathematical audio-podcasts are presented. This
leads to the depiction of our research interest in the fields of mathematical
language. The theoretical explanations shall be followed by an empirical
example.

AUDIO-PODCASTS TO MATHEMATICS

Podcasts have been a popular medium for several years now. Since many
subjects are suitable for being dealt with, they can be well used for mathematical
and educational purposes, too. Audio-Podcasts, which are produced by primary
school children, are called ‘PriMaPodcasts’ (s. Schreiber 2013). According to
the latest conception, the development of PriMaPodcasts consists of six steps in
which oral and written communication and representation are interwoven
permanently.

Steps of production 1. Spontaneous Recording

1. Spontaneous Recording: The pupils
split up in groups of three and
spontaneously answer a question of
mathematical content, e.g. ‘What is a
triangle?’ or ‘What is so special about
a cube in comparison to other 3D
shapes?’ Thus, their pre-knowledge is
activated. Their response is recorded
by a voice recorder.

2. Manuscript |
3. Podcast - First VVersion
4. Editorial Meeting

5. Manuscript 11

AYAYAAYA'

2. Manuscript I: As second step, the & PILUE PR
pupils plan an audio-podcast, which is to communicate their mathematical
topic to an audience. For this, they create a manuscript. The children are
free to make it more or less detailed, to decide about structure and form.
At this point, they can gather more information about their topic.
Therefore, appropriate printed material or the Internet can be used.
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3. Podcast - First Version: Based on their manuscript, the children record
their first podcast version. Beforehand, they get time to practice their
presentation.

4. Editorial Meeting: This first podcast version is presented to another
group and the teacher. The children get feedback and reflect upon their
recording in terms of certain aspects like content, style, language and
performance.

5. Manuscript Il: In the following, the children revise their first manuscript.
Therefore a new manuscript may be created.

6. PriMaPodcast: On the basis of this second manuscript, the children
record their final podcast version, which is called PriMaPodcast.

The different podcast versions and documents are published in a blog on the
Internet. The advantage of the publication in a blog is the categorising of several
podcasts in main-theme and sub-theme categories, which facilitates the handling
for the audience. We produce PriMaPodcasts in different languages: in German,
English, Spanish and Turkish. PriMaPodcasts in English are available in this
blog: http://blog.studiumdigitale.uni-frankfurt.de/primapodcast-en.

Aims

Different aims concerning the recording of mathematical audio-podcasts are
important:

Learning: Mathematics learning is supported by the requirement of not using
any written or graphical representation, but only oral means of communication.
By talking aloud and for others, learners express their mathematical ways of
thinking. Thus, they can clarify und organize their thoughts themselves and
reflect upon certain topics (cf. Pimm 1987). Apart from talking and explaining,
oral communication is about listening, questioning, defining, justifying and
defending, too. These activities may further pupil’s mathematical understanding
(cf. Ontario Ministry of Education 2006, 66).

Research: Since mathematics is rather a written and graphical-based discipline,
it is very promising to see what happens when oral communication has priority.
The research interest we want to pursue in this context is: What mathematical
language is available for young learners in order to convey meaning?

CHARACTERISTICS OF MATHEMATICAL LANGUAGE
Technical language

Mathematical language is often identified by its specific terminology and
vocabulary. Wittenberg as an example titled his doctoral thesis “from a thinking
in terms” (Wittenberg 1957; translation R. Klose). Indeed, mathematics and its
technical language (Maier & Schweiger 1999; Pimm 1987) take a prominent
position, especially among other school subjects. Whereas everyday language is
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rather subjective and context-bounded, technical language consists of
generalizations and definitions, which are intersubjectively comprehensible
(cf. Heitzmann 2010). It is crucial that mathematical language goes beyond the
learning of new terms and vocabulary.

Mathematics register

Halliday (1978) refers to a further set of meaning and therefore uses the notion
of the ‘mathematical register’. The features of the ‘mathematics register’ used at
school are here outlined according to Schleppegrell (2007, 141f). First, there are
multiple semiotic systems such as mathematics symbols, oral and written
language and visual representations. These systems combined are necessary for
the learners in order to construct meaning. Moreover, there are the linguistic
features of mathematics language, which include technical vocabulary as well as
further grammatical patterns. ‘Technical vocabulary’ not only consists of
mathematics words (e.g. sum), but also of words that are not solely
mathematical. The latter refers to words of multiple meanings depending on the
context (e.g. product). Since mathematics also uses many words that are already
familiar to children in their everyday language, ‘technical vocabulary’ needs to
be used in meaningful grammatical patterns of language in order to be correctly
learnt. It typically comes along with ‘dense noun phrases’ (e.g. the length of...)
as well as ‘being and having verbs’, which construct different kinds of relational
processes (attributive and identifying ones). Whereas attributive clauses refer to
objects and events and are non-reversible (e.g. A cube is a solid shape),
identifying clauses define technical terms and are reversible (e.g. A prime
number is a number which can only be divided by one and itself). Additionally,
Schleppegrell lists ‘conjunctions with precise, technical meaning’ (e.g. if, when,
therefore) and points on differences of their use in mathematical language and
ordinary everyday language. Finally, she names ‘implicit logical relationships’
in mathematical reasoning, which are not further explained, but rather assumed
to be already known.

Academic language

Apart from ‘technical language’, the notion of ‘academic language’ becomes
increasingly important for the teaching and learning of mathematics (Gogolin &
Lange 2010, Meyer & Prediger 2013). As interdisciplinary language it is also
characterized by precise and elaborated vocabulary and complex sentence
structure, but in a more functional manner: It is this ‘academic language’, which
affords the participation in schooling activities (Cummins 1981, Schleppegrell
2012). There are multiple Discourse practices in a mathematics classroom since
learners and teachers bring, while interacting, various perspectives to a situation.
Academic mathematical Discourse practices aim for learners to become
mathematically literate and therefore refer to practices as generalizing,
abstracting or making claims (Moschkovich 2007). Different language activities
such as discussing and hypothesising are in accordance with the acquirement of
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a mathematical language, which is “more broadly conceptualised” (Morgan
2005, 103). As presented above, the production of PriMaPodcasts affords
different language activities, which is exemplified in the next chapter.
Moreover, the focus is on the children’s use of mathematical language while
interacting and discussing their mathematical issue.

EMPIRICAL EXAMPLE

The example, which is presented here, deals with the question of ‘What is
symmetry?’. It was produced in a bilingual Maths class in Frankfort/Germany.
Three boys of grade 4 (aged 9-10) first made a spontaneous recording, of which
the transcript is depicted and commented on in the following. Second, the
manuscript and transcript due to their first podcast version will be illustrated.
Finally, we want to present the boys’ second manuscript and the transcript of
their final version. All citations of the transcripts are marked in squared brackets
<like this>.

Spontaneous recording:

Ssp  min.sec

01 00.02 pl Explain what is symmetry ... ehm symmetry is w h e n . things are . mh
02 11k e . mh the same looks like the same on both sides

03 00.21 p2 Symmetryisehmlike when.it'sehsomewhen it's both the
04 same (he mumbles) be that’s what . Kilian said it’s . the same

05 00.37 p3 | (hespeaks low)1don’t know what symmetry is\ (he breathes out)

06 00.40 p2 Yesasymmetryis would be like ehm . a h o u s e and the neighbour has
07 also a house that looks . the same . just the same .. b u t ehm not
08 everything can be symmetry ..

09 01.01 pl When you draw a picture and . and you wa and you m have a .. mirror it
10 looks symmetric

11 01.13 p2 Yeslikee hm. mhhhow I can say that . symmetry is symmetry (S3
12 laughs) . like e h like this . like eh a blue order from the same market
13 ehm . yes#

14 01.33 p3 #the same colour

Table 1: transcription of the spontaneous recording

Pupil 1 reads out the task and continues giving an answer. By using an
identifying clause combined with the conjunction ‘when’, he tries to define the
technical term ‘symmetry’. He talks about things that are the same and
emphasizes this fact in the following <sp02>. Then he reformulates this
statement, by saying that something is same on both sides. It is difficult to
analyse which conception of symmetry he has got in mind because his
explanations remain unspecific: technical terms are not used. Moreover, he
seems to be uncertain about the topic, which is signalized by his way of
speaking with some fillers (mh, | i k e) and pauses <sp01/02>. Pupil 2 alludes to
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two things which ‘both’ are the same. In doing so, he adopts the grammatical
patterns of pupil 1 and also refers to his answering. In between he mumbles
something, which lets his ideas remain unspecific, too <sp03/04>. Pupil 3
answers with a complete sentence and confirms that he does not know what
symmetry is <sp05>. Then pupil 2 makes another attempt by giving an everyday
example. The unknown ‘things’ are replaced by two houses, which are
neighboured. He underlines again that both houses look the same. Therefore, he
starts his statement with an attributive clause. Then he makes a restriction,
claiming that ‘not everything can be symmetry’ <sp07/08>. As second language
learner he uses the noun ‘symmetry’ instead of ‘symmetric’ in this context
<sp08>. Pupil 1 seems to think of an approach to line symmetry: the mirroring.
By using the conjunction ‘when’ instead of ‘if’, he tries to describe this
procedure. However, he only names two parts of construction, ‘drawing
a picture’ and ‘having a mirror’. By having both components, he suggests it
would look symmetric. Even though one will understand what he means, this
description is again incomplete <sp09/10>. Pupil 2 continues with a statement,
which makes pupil 3 laugh. While thinking about the way of explaining, he
simply states: ‘symmetry 1s symmetry’ <spl1>. This attributive clause defines
symmetry by itself, which expresses his incapability to find a better explanation.
Then he refers to a blue anything in particular from the same market <sp11/12>.
This aspect might indicate a translation movement. Pupil 3 seems to know what
his classmate means and puts emphasis on the same colour <sp14>. At this point
the recording ends. The boys seem to reach an agreement in the end despite of
their incomplete statements. Even though they use some grammatical patterns of
the mathematics register, it lacks more technical vocabulary and precise
explanations.

Manuscript 1:

As described above, the pupils do research on their topic and create
a manuscript. This serves as basis for their first podcast version.
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Figure 1: Manuscript 1
Podcast — First VVersion:

fv | /min.sec

01 00.01 pl Symmetry are things | that look same

02 00.04 p3 Symmetry means you have a line in the middle and both sides need to
03 are the same like /

04 00.11 p2 Astar has a symmetry . the flag of Great Britain has a symmetry a plane

05 has symmetry - a pentagon a hexagon the White House has symmetry a
06 flower a triangle a guitar a butterfly . ehm . symmetry has also a

07 strawberry a ball . ehm . then underwears has symmetry andpants
08 andthe face#

09 0042 p3 #And Scarfs
10 0043 p2 Yes.scarfs and glasses has symmetry .. (he speaks low) That’s it

Table 2: transcription of the first version of the Podcast

In this version pupil 1 starts off with a general statement towards symmetry by
using an attributive clause. This statement is comparable to the first utterance of
the spontaneous recording. The emphasis is again on the sameness of things
<fv01>. Pupil 3 seizes the idea of having ‘a line in the middle’ which generates
two equal sides. This idea, described by a common expression, seems to relate to
the aspect of line symmetry <fv02/03>. In order to express meaning, an
identifying clause is used. However, it is not explicitly conveyed which aspect
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of symmetry and which objects are meant. Only in the following statements,
pupil 2 presents many examples concerning line symmetry <fv04-08> by using
common words as well as technical terms, e.g. ‘hexagon’ and ‘triangle’
<fv05/06). Apparently, he forgets to mention one example, which is added by
pupil 3 <fv09>. Pupil 2 repeats the suggested word and names another example
<fv10>. In contrast to the spontaneous recording, the statements are now better
conceived and more structured. Only the beginning and the end remain rather
informally.

Manuscript 2:

T i
! ALY i - / Wy 7 ""L 2
e Lo N

Figure 2: Manuscript 2
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In the editorial meeting the peers especially praise the chosen examples. The
boys get some hints in terms of content, style and language and thus, they can
revise their manuscript. Their second manuscript can be regarded in figure 2.

PriMaPodcast:

pr  min.sec

01 00.01 p3 Whatis symmetry

02 00.03 pl Symmetry are things that look same on both sides . when you have a
03 mirror and put it in the middle . of a symmetric thing and it looks same .

on both sides it is symmetric ... A mirror is like a line o of symmetry
04

05 00.24 p3 These. there are lots of things . that are symmetric\ but not all things
06 are symmetric\ these things are not symmetric\ a radio a door a piano a

crane an ocean a sea a river\ these things are symmetric
07

08 00.45 p2 Clothes a tie glasses pants and underwears shapes a star the flag of

09 Great Britain a triangle a hexagon a pentagon . nature for example
butterflies flowers and strawberries\ . music a guitar/ a violin\.

10 electricity a plane even words can be symmetric otto

11

Table 3: transcription of the PriMaPodcast

Pupil 3 reads out the question <prO1>. Pupil 1 gives a definition by using an
identifying clause, similar to the beginnings of the other recordings: he equals
symmetry with ‘things that look same on both sides’ <pr02>. Then he returns to
the idea of mirroring which was originally uttered in the spontaneous recording.
The instruction on how to mirror is more detailed than before. Moreover, the
technical term ‘line of symmetry’ is used for the first time. In his explanations
pupil 1 relates to general ‘symmetric things’ <pr02-04>. So in terms of
language, the German sounded expression ‘it has symmetry’ is changed into ‘it
is symmetric’ <pr04>. Before these things are further explained by giving lots of
examples, pupil 3 emphasizes that ‘not all things are symmetric’ (pr05/06).
Having taken up the idea of the spontaneous recording, now he names seven
things, which are not symmetric. He leads over to pupil 2 who reads out the
examples of symmetry <pr08-11>. Some of them, which are presented in the
first podcast version, are not mentioned here any more (e.g. the “White House’
or ‘a scarf’). Another difference is that the examples are classified into
categories like ‘clothes’, ‘shapes’ or ‘music’. Thus, they are more structured.
A new example of symmetry is highlighted in the end: words like ‘OTTO’
(prll) can be symmetric, too.
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CONCLUSIONS

As presented in the empirical example, the production of PriMaPodcasts opens
up various possibilities of oral communication in mathematics learning.
Language activities and mathematical Discourse practices such as explaining,
defining, generalizing and justifying enable learners to express and discuss their
mathematical thinking. The reflection upon certain content deepens the pupils’
mathematical understanding. Through the different steps of production, it
becomes possible to specify the use of mathematical language, too. This
interactive procedure is in accordance with the requirement of a mathematical
conceptualization, which goes beyond the strict learning of technical terms and
certain vocabulary. Thus, learners are supported to become mathematically
literate.

In the context of a research project, we investigate the mathematical language
skills of bilingually taught pupils in Germany (Klose 2013, Klose & Schreiber
2013). Therefore the children produce PriMaPodcasts in English and in German
language, by which a comparison can be drawn. Although bilingual forms of
teaching and learning are meanwhile common practice in Germany, they are
more realized in secondary school forms than in primary education (Elsner &
KeBler 2013). The usage of a second language in German mathematics lessons
remains rather unconsidered in all fields of education (Rolka 2004, Viebrock
2013). However, already young learners are capable of communicating
mathematical content in a second language, as our empirical example
demonstrates.



IS IT A CUBE NET?-3*” GRADE STUDENTS TALKING
ABOUT GEOMETRY

Marta Pytlak,
Faculty of Mathematics and Natural Sciences, Rzeszow University

Geometry plays an important role in the process of developing and creating
students * mathematical thinking. But in school curriculum there is not enough
space for geometric issues, especially in lower primary school. The main
problem is: how to introduce young students into the world of geometry? In this
paper some episodes from math lesson in 3™ grade of primary school are
described, which focused on three-dimensional geometry. The aim is to
demonstrate how students deal with cubes and their nets and which language
they use when they talk about spatial geometry

INTRODUCTION AND THEORETICAL BACKGROUND

In the latest trends in the early education a large emphasis is placed on
developing skills needed for a child to explore and understand the world, to cope
with different situations of everyday life. The skills that are particularly useful in
various situations include analysing, critical thinking, putting and verifying
hypotheses. The tasks of the school according to the new curriculum include the
opinion that a child could acquire the knowledge and skills needed for
understanding the world and equip the child needs in math skills in real-life and
school situations and for solving the problems.

The most important skills acquired by the student in the course of general
education in elementary school should be, inter alia, mathematical thinking,
comprehension as the ability to use the basic tools of mathematics in his or her
daily live and carrying out the elementary mathematical understandings.

Several studies highlight the need to develop mathematical thinking and skills
such as creativity and criticality of thinking.

On the higher stages of education mathematics is presented as a structured and
ordered formal knowledge, with specified chapters of mathematics. This gives
you the ability to work on both advanced learning and the development of
mathematical knowledge, as well as o the development of a formal (symbolic)
mathematical language. At lower levels of education (especially in the lower
grades of primary school) students do not submit a finished, formal knowledge
from various fields of mathematics, but it introduces them to the world of
arithmetic and geometry (Hejny, Jirotkova, 2006) on the basis of their own
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activity - often taking place in the physical world. However, while the arithmetic
world is ultimately structured, governed by clear rules and individual markings
and symbols used in the world are read equally by all, it is slightly different in
the geometry. As Hejny and Jirotkova wrote (2006):

The world of geometry is a community of individuals or small families and there is
a large diversity in the linkages between them. From the didactic point of view,
arithmetic is suitable for developing abilities systematically, and geometry is more
suitable for abilities such as experimenting, discovering, concept creation,
hypothesizing and creating mini-structures. (p.394)

By analyzing the historical development of geometry we can notice that it was
accompanied by a human in his activities since the dawn of time (much like
arithmetic). Initially, the geometry was not a theoretical science, but it appeared
from the need and desire of man to land the space around them, solve many
practical problems - from construction by travelling to the ornamentation
(Hejny, 1990). However, this geometry was the first “scientific field within
mathematics” which was created by human. Its significance for the study of the
ancient world was great. It had an important role in mathematics. This historical
trait also points the way for didactics approaches to teaching school geometry:
geometrical knowledge arises by the action. It is important here to gain
experience, and practical problem solving.

The importance of geometry in the education of children and young people was
the theme of many researchers’ considerations. There is a belief that geometry
can support the overall development of the child's competence in mathematics.
About the importance of geometry in teaching children and adolescents writes E.
Swoboda:

»--- (quasi-geometrical activities can develop widely understood children’s
mathematical competence. On the one hand, since geometrical approach to
mathematics is closer to children than arithmetical one, geometry can open doors to
a world of mathematics. Geometrical cognition starts from a reflection upon the
perceived phenomena and in this way correlates with the basic ways of learning
among children. On the other hand, it gives a chance to develop such ways of
thinking that are typical for mathematical thinking. Skills like generalization,
abstraction, perceiving relations, understanding rules are the base for this aim. Early
geometry is in-between physical and abstract worlds. By this, it enables to
mathematize this world.” (Swoboda, 2009, p.29)

Although the geometry has a great potential to develop mathematical thinking of
students in the school teaching it is not treated with due care. It consists of
a number of factors. As write Karwowska-Paszkiewicz, L.yko, Mamczur and
Swoboda (2001):

Teaching geometry is conducted in a very limited number of lessons and so children
do not realize why they are learning it. It is just part of mathematics without any
references to reality. Children were taught abstract geometry items and they did not
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have the opportunity to learn the properties of the figures through manipulating and
even if they had it, it was only apparent. Such a style of teaching geometry does not
give any chance for problem solving teaching. It also does not help a child to make
links between the problem, the procedure of solving it and the solution. (p. 86)

To take advantage of the full capabilities of the geometry in the education of
children and youth, you need to change the approach to its teaching. Geometry
was born out of the action and of human needs for development and structuring
of space around them. Therefore, an important element in the teaching of
geometry should be acting. As we can see in Swoboda (2001):

Action play an important role in the formation of geometrical concept because there
is always correlation between concept and the activity addressed to the concept. The
object from the real world is perceived as the gestalt. The way of gathering
information is perception, but after that the action with the object leads to the verbal
description in their properties. (p.151)

So an important didactical issue is organized activity in mathematics lessons in
such a way as to encourage students to actually participate in the lesson and to
give them a chance to creative thinking and discovering mathematics.

Language and communication

The experience plays an important role in the learning process. Specifically
writes about this M. Hejny in his theory of the General Model (Hejny 2001).
Children creating their own knowledge primarily based on the experience they
have. For a description of these experiments they use language - as it is close to
them. The closest experience for a child is the language of gestures. It is the first
language, how a child learns. This language is very helpful during learning of
mathematics. How Cook and Goldin-Meadow (2006) say: “children who
produce gestures modeled by the teacher during a lesson are more likely to
profit from the lesson than children who do not produce the gestures”. Only at
a later stage of learning a child meets the formal language of mathematics. It is
important that the experience and action in the acquisition of mathematical
knowledge appears first, followed by the language, and only at the end there is
a formal knowledge. As B. Burton (2009) says:

The evidence from language points to the conclusion that mathematics arise after,
not before, human activity. The development of mathematical language is consistent
with the idea that mathematical concepts, objects and relationship arise through
language, and within particular socio-cultural environments, in response to human
thinking about quantity, relationship and space.(p.88)

Many researches highlight the importance of gestures in learning of children.
We can find references in the literature (Stevanoni, Salmon, 2005; Broaders,
Cook, Mitchell, Goldin-Meadow, 2007)

Language has its external form: this is both a visual (writing and gesture) or
sound (spoken word). Meanwhile, the thinking is invisible and inaudible.
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Therefore, it is important how we pass our thoughts. The transition from
thinking (internal speech) to external speech (Wygotski) causes some
dissonance:

e between what implicit and what is clearly expressed
e between what implicit and what is clearly expressed.

To overcome these problems, the various form of expression are used during
communication. The interaction between students and teacher taking place in the
classroom are enriched with different forms of communication: verbal and
nonverbal.

In social situation encompassing mathematical learning, a variety of linguistic
forms will be used within a broad communicative environment. Aspect of language
used will be specifically associated with conventional mathematical ideas, but much
will be less precise, supporting other facets of the exchange. In most learning
situations we are concerned with activity taking place over periods of time
comprising personal reflection making sense of engagement in this activity. The
learning process entails more than a local concern of getting to grips with clearly
defined “mathematical” concepts. Indeed there are many forms of mathematical
discourses each flavored by their particular social usage. ( Brown 1997, p.27)

Several contemporary approaches emphasize, for various theoretical reasons, the
embodied dimension of thinking (see, e.g. Arzarello, 2006; Lakoff, Nufez,
2000; Nemirovsky, Ferrara, 2008) and the role of artifacts (Bartolini Bussi,
Mariotti, 2008).

Gestures can be important components of semiotic means of objectifications,
whether used when communicating directly with others, or to highlight aspects
of artefacts and symbolic representations of mathematical concepts.

METODOLOGY

Data for this paper were collected during classes with the third grade students
from primary school. It was a series of meetings, which main purpose was to
develop the students’ interest and talents of mathematics. Classes took place
once a week and last one school hour (45 minutes). Twenty students from the
third grade of primary school (9-10 years old) took part in these meetings. The
theme of these meetings was fun with spatial geometry. By playing the students
learned about spatial figures and they built their nets. The aim of these meetings
was the development of spatial imagination and, in particular, to bring students
to the concept of a cube and its net. Also worked on the development of
students” mathematical language, and, in especially, to bring students the
concepts such as cube, cube net, walls (opposite, adjacent).

During each classes, students have access to a cubic wooden blocks with a side
length of 3 cm, cardboard in the shape of a square of side 3 cm, scissors, duct
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tape, crayons, markers. Classes were recorded with a video camera. After each
meetings the protocol was drawn up.

Classes were divided into thematic blocks. Initially, students were gluing
squares to cubic blocks forming colored houses. After that they cut the made
models and analyzed the relative position of individual elements. In these
classes much emphasis was put on analyzing the relationship and interactions
between elements. Heavily stressed was the correct justification for own
opinion, which led to work on the development of mathematical language.

Another series of activities related to the implementation of the model prepared
according the description.

At the beginning of the classes the teacher together with the students read the
tasks, and then they began to analyze its contents. They considered the number
of walls, windows, doors. They turned their attention to the elements located
inside the House of Winnie the Pooh and their location. Then students prepared
components of house and glued its model. After completing the task the students
explored each other, whether received houses are in accordance with the
description. During these activities the emphasis was put on the ability to read
with understanding, follow instructions, ability to analyze the data. The
description of these classes can be found in Pytlak (20144, b, 2011).

In a further step, students worked without cubic models, but only with their flat
nets. They had only cube nets with missing one wall. And on the one square
there was drawn a door. The task was to draw other elements of houses:
windows, floor, celling. Students also had to answer the question, which the
element (i.e. which of the walls) is missing.

When this task was completed, students received a “clean™ cube net. This time
they created the patterns on the net. There was only one rule: squares should be
coloured in such a way that after making a cube the opposite walls will have the
same design. Students had to work on a net which was lying flat on the desk.
Only after the painted all net they could to cut it and see if they were able to do
the task correctly.

The last meeting of the whole cycle related to the cube nets. During this class
students tried to find all possible (and different) cube nets. They had squares and
used them to arrange the cube net. Students worked together, with whole class.
Each of them could proclaim its proposal and presented it on the blackboard.
The whole class together resolved whether the presented schema could be the
new "ribbed band clothes for the Mr Cube”. Students during these classes not
only discovered different cube net, but also learned how to argue, making
hypotheses and verifying them.

The convention used during these activities was taken from Hejny, Jirotkova
(2001). The grid has been presented to the students as "clothes for Mr. Cube".
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DESCRIPTION OF STYDENTS’ WORK

At the beginning of the lesson the teacher clipped to the blackboard classic
(typical) cube net. The task of the students was to select a colored marker, which
edges meet after folding the cube. Students in turn approached the blackboard
and marked the appropriate edges. Everyone had to justify their choice. During
this task students assisted themselves with gestures, first showing respective
edges and next painted them. Here it was very important to refer to the previous
classes, when students created from preparing squares “the dress for Mr Cube”.
The net was identifying with the ribbed band clothes, and overlap the edges was
a place of stitching forms. This was a preparation for the next task, which they
received. This time students have to prepare another form of dress for Mr. Cube.

The students have prepared six equal squares. They pin them to the blackboard
by magnets, thus creating a cube net. As the first drew up the following net:

Picture 1

But, as we all have found that such an arrangement has already been, only the
"Inverted". Finally, one of the students changed the schema on the following:

Picture 2

Then students justified whether it will be possible to stitch ,,dress for Mr Cube”
from this kind of dress form. Students would come up to the blackboard and
pointed out which edges should be stitch together to receive a cube.

Students rightly noted that it is important the position of elements relative to
each other, and not the same arrangement of net. They eliminated alone such
nets, which could be received by rotation of the initial net around their axis,
regarding them as the nets of the same kind.



Is it a cube net?-3rd grade students talking about geometry 105

Picture 3. Nets treated by students as the same

Each time when the students proposed a new arrangement, the teacher asked the
whole class, whether it is correct. This was also after positioning the following

net:

Teacher:
Students:

Weronika:

Teacher:

Weronika:

Students:
Teacher:
Maciek:

Teacher:
Students:

1 2 3 4

6

Picture 4
Is this arrangement correct?
Yes!
[very definitely] No, it may not be!
And why? Weronika, come to blackboard and explain.
Because when we take these walls, so here will be missing.
No!!!
Who are explaining to Veronica? Please, Maciek.

When we fold these two [he is pointing on the 3 and 4 squares], then
this one will be here [he is pointing on the 3 and 5 squares], and this
one will be here [he is pointing on the 4 and 5 squares]. And then
those two will be here [he is curling up the 5 and 6 squares]

And now everything is ok?
Yes!!!

Picture 5. Maciek explains to Veronica, how to make a cube

While justifying that the arrangement is or not the net of cube, students appealed
to the language of gestures. By analyzing only verbal statements, we are not able
to say what they are talking about. Their verbal language, which they had used,
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was quite poor. It lacked a formal mathematical language. Although terms such
as: walls, adjacent walls opposite walls were used during the earlier classes, for
students they were still the new ones. Much more convenient it was to them to
use the language of gestures. And this language was understood by all students.
It does not require any additional comment and additional explanations. The
usual "this and that" supported by appropriate gesture indicating that the
elements in question is enough for students to determine whether this is the
correct reasoning. In the explanations presented by the students gestures played
a key role. Equally significant was the movement and action. Describing how to
flat net fold the spatial figure, students not only pointed out which the edges will
connect with each other, but also pointed out how this connection should be
made. To this purpose they made a movement of bringing hands together (that
was supposed to symbolize the joining of walls) and applying one to the other
(what was supposed to symbolize the overlapping-double faces).

As a result of common work students created sixth different nets of the cube.

Picture 6. The nets of the cube created by students during the 7" classes

Summary

For 8-9 years old students the classes were the new form. For the first time they
have seen the net of the cube. They created their own nets basing only on their
own intuition. It turned out that they are able to cope with the task demanding
the usage of three-dimensional imagination in very good way. They could, in
fast way, notice the correlation between the sides and the edges in the cube and
use the perceived earlier correlations in their work. They did not approach the
full net of a cube, however, there appeared two ideas how it should look like.
The first one concerned the structure of the connected elements in one raw, what
can be identified as the ring road of the cube. The second approach was
connected with the awareness of cutting the cube along the perpendicular edges
till the basis and putting it flat.

During the classes the students turned out to be open to new challenges. They
approached creatively to the presented to the problem. Care about the details of
the created houses can testify about huge interest in the presented subject.

At the beginning of classes students did not refer to the reciprocal arrangement
of the walls and while describing the cube they used the colloquial language
(at the top, at the bottom, on the side, corner of the walls). During the last
classes in the description of the reciprocal arrangement they used the terms in
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more precise way (opposite, common edge, vertex). It seems that the series of
classes can be good introduction to the work concerning the development the
three-dimensional imagination and connected with it students' mathematical
language.

For students taking part in this classes it was the first meeting with the cube and
its net (mathematically). They did not know the respective mathematical
concepts to help in describing a cube, its properties, and the cube net. They very
active participated in the classes. During the argumentation and justifying their
solution they appealed to the language of gesture. Using gestures, they talked
about cube and its net. Gestures helped them to justify whether the net is correct
or not.

M. Hejny (2004) in his theory of the development of student’s mathematical
knowledge writes that it is very important in the learning process to gain
experience, which is the basis for the creation of formal mathematical
knowledge. For third grade students presented a series of activities has been
very good opportunity to gain just such experiences.



FIRST GRADERS’ GEOMETRICAL SPEECH
THE SLANTING GIRAFFE’S NECK

Paola Vighi, Carlo Marchini
Mathematics and Computer Science Department - University of Parma, Italy

This paper analyses pupils’ locutions for detecting in their speech the implicit
recognition of geometrical relations between segments (‘parallelism’ and
‘perpendicularity’). By means of a social-constructive approach, we leave the
pupils free to decide how to describe artefacts through their spontaneous
language.

INTRODUCTION

Our aim is to detect whether the younger pupils’ spontaneous language and class
communication may reveal their possible understanding of ‘parallelism’ and
‘perpendicularity’. These relations could be considered a sort of embodied
knowledge of everyone; but our experiment shows that first graders unaware of
these geometrical aspects are present. The choice of the topic is justified through
the following main arguments.

- We did not find in the literature inquiries focused on the early pre-
concepts of these geometrical relations.

- In 1% grade the geometrical context is suitable since it relies on visual
mediators, objects and drawings, which help to think. In this grade the
concepts of ‘parallel or perpendicular straight lines’ are approachable, at
least from visual and graphical points of view. This assumption is
justified through the history of humankind since, as Keller (2004, p. 137)
shows, in Palaeolithic times we may find drawings in which such mutual
relations between straight lines are present (Lascaux caves).

- In 1% grade the training with parallel and perpendicular lines could be
helped through the learning of the capital letters writing.

- The geometrical standard approach in Italian school is mainly grounded
on classification of polygons and their names. This way of teaching may
be ascribed to the philosophy in fashion at the time of Euclid, with its pre-
eminence to unary predicates.

- The relations ‘parallelism’ and ‘perpendicularity’ are at more abstract
stage than polygons, since they are expressible using binary predicates
which translate the mutual positions of two objects.
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- The role of these two relations is fundamental in order to identify the
main figures through their principal features.

- These relations are uncommon in 1st grade of Italian Primary School,
therefore these topics allow to verify the role of spontaneous language
without the influence of school language.

THEORETICAL FRAMEWORK

With the aim of detecting pupils’ thinking about their geometrical
understanding, we investigate their own language. Our starting point is the
following quotation (emphasis is in the original):

[...] it is necessary to postpone the systematic use [...] of specific words, i.e. the
typical concepts of geometry (circle, square, sphere ...) [...]. Children must also
learn to speak about spatial events with their own words (i.e. to describe a path,
a figure, a movement) (Speranza, Vighi & Mazzoni Delfrate, 1988, p. 14)

The previous quotation is according to model of Gawned (1990), that shows
four stages of the construction of a mathematical specific language: “real world
language”, “the language of the classroom”, ‘“the specific domain of the

29 ¢

language of mathematics”, “construction of meaning in mathematics”.

Our investigation of children’s real world language makes use of some artefacts
and the proposal of activities and discussions about them. Following Nonaka &
Tageuchi (1995, quoted in Lester & William, 2002, pp. 494-495) the dialogue is
fundamental for bringing a tacit knowledge to an explicit one. In this way a non-
standard description emerging from the class discussion would be the
background as a first step to arrive to the standard mathematical definitions. The
speech helps the building of concepts; subsequently the used word is a symbol
for the concept itself (Vygotsky, 1987).

The point of view of Sfard (2001) integrates the previous considerations:

The conceptualization of thinking as communication is an almost inescapable im-
plication of the thesis on the inherently priority of social origins of all human activ-
ities. Anyone who believes, as Vygotsky did, in the developmental priority of
communicational public speech (e.g. Vygotsky, 1987) must also admit that whether
phylogeny or ontogenesis is considered, thinking arises as a modified private ver-
sion of interpersonal communication (Sfard, 2001, p. 26).

Our experiment considers also the theory of semiotic representation registers
(Duval, 1993), which shortly may be described with the following quotation:

We may distinguish three main group of semiotic representation: material represen-
tation (in paper, cardboard, wood, plaster, etc.), a drawing (made either with pencils
on a sheet of paper, or on a computer screen, with use of a geometrical software,
etc.), and a discursive representation (a description with words using a mixture of
natural and formal languages). Each register bears its own internal functioning, with
rules more or less explicit. Moreover, students have to move from one register to
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another, sometimes implicitly, sometimes back and forth (Dorier, Gutiérrez &
Strasser, 2004).

Our artefacts promote the transition from visual to verbal semiotic registers.
Moreover, Duval (2005) deals with the different ways of look at figures: per-
ception is the first, it is routed on the “merely qualitative properties” (Poincar¢,
1963, pp.134-135) in which the metric is not used. Furthermore “[...] it is the task
that determines the relation with figures. The way of seeing a figure depends on the
activity in which it is involved.” (Duval, 2006).

In particular, visual perception may hinder the ways of seeing figures. Gestalt
theory deals with laws of visual data organisation that leads us to see certain fig-
ures rather than others in a picture. With reference to the reading of images,
Mazza (2001, p. 58) writes about behaviour of children 4-8 years old:

Even in presence of abstract art works pupils show a “referential need”, i.e. to iden-
tify a likeness, to find out which object “hides itself” hidden through the apparent
oddity.

Following these hints, we chose to take advantage of the “need to find similari-
ties” to lead pupils speak in their “real world language” about mutual position of
segments.

Moreover the literature offers us another way of analysing the child’s approach
to geometrical understanding e.g. Pyshkalo, 1965 (quoted in Varga, 1976, p. 31)
writes about five different levels of appropriation of geometrical concepts. His
ideas may be compared and integrated with some other studies about visual per-
ception made from pedagogics and psychologists. Visual level is also assumed
as a first step in the Van Hiele’s theory.

The ways of considering the space intervene also in the geometrical under-
standing through an appropriation more and more elaborated of the concept of
space. Piaget & Garcia (1983) give us the possibility to distinguish different
kinds of space: in particular, they study the psychogenesis of “intra-inter-trans-
figural stages of learning”, referring to different ages of pupils. They assume
“intra-figural stage” as the first stage of geometrical learning, typical of 8-9
years old pupils. The next one is the “inter-figural stage” (11-12 years old
pupils). In both these stages the authors assume that no understanding of the
invariant properties for isometry is shown. We may adopt, for short, the same
qualifying adjectives that Piaget & Garcia adopt for the stages of learning as
attribute of the pupils’ intuition of space.

Our experience (Marchini & Vighi, 2011) in other research advised us that pre-
conceptions of isometries and their geometrical role may be present earlier than
Piaget & Garcia (1983) affirms. Sbaragli (1999) confirms our statement showing
that the three stages are interwoven and not sequential.
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The research questions

First question: may we extend ideas of Speranza et al. to the descriptions of
binary relations of parallelism and of perpendicularity?

Second question: are parallelism and perpendicularity perceived from a
qualitative point ” of view through very young pupils or not?

Third question: which concept of space is revealed through children locutions?
METHODOLOGY

The experiment involved three 1% grade classes, in which we presented our
artefacts made through poor stuff as grey cardboards, straws, buttons, glue,
adhesive tape. We prepared 8 squares cardboard with 23 c¢cm side and 8 round
cardboards with 30 cm diameter. In each of them we glued two straws, one red
and one green, in different positions, as representation of caterpillars. We used
pleasant colours for caterpillars and a ‘neutral’ colour, light grey, for the
background. On the squared cardboards, we glued a small button as head of the
caterpillars, at one end of each straw, for enhancing the ‘naturalistic’
environment 8. We are aware that in this way we may induce the idea of
‘oriented segment’ but we used also straws without ‘heads’ on the round
cardboards. We chose straws as representation of animals instead of drawing
segments; as matter of fact, the presence of animals, introduced through a
narrative, may draw the pupils’ attention to the ‘particular’ of the geometric
relations existing between the two straws. The tale context could direct pupils’
language towards an imaginative language. In this way we try to avoid that first
graders may consider each cardboard and the geometrical configuration on it as
a whole (Pyshkalo, 1965). We prepared the cardboards for the study of
geometrical relations between two ‘straight lines’; nevertheless it is possible that
child focuses her/his attention on the whole cardboard space, instead of the
space ‘between’ the two straws.

From theoretical point of view, with these tools and narrative we aim to detect
possible anticipations of the pupils’ conception of interfigural space, with the
overcoming of the intrafigural space.

We are aware that straws could be unsuitable for representing segments and
straight lines, since straw are 3D objects with a thick. In a similar research Vighi
(2008) shows that some pupils reproduce caterpillars as simple segments,
overcoming the problem of thickness. In this way drawing helps the

" There are at least two ways for introducing ‘parallelism’ and ‘perpendicularity’. From Posidonius (c.a. 1%
century BC) on, customarily parallelism is identified through speaking of a constant distance between two
straight lines. Perpendicularity is associated to 90° degrees angles, both by the use of measures and therefore
through quantitative aspects. In our opinion only a qualitative approach is suitable in 1% grade.

® The choice of this kind of animal had shown itself suitable in (Vighi, 2008). The two shapes of cardboards are
functional to assess the role of didactic variable ‘form of the background’. For the didactic variable ‘oriented
segments’ in the round cardboard we skipped the round buttons.
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‘transformation’ of a straw in a segment or in a straight line in pupils’ under-
standing. With the chosen tools it is impossible to show a complete
superposition of straws and it is difficult to present crossing straws, but this
technical problem has a positive side since it allows sticking to Euclid’s
definition:
1.10. And when a straight-line stood upon (another) straight-line makes adjacent an-
gles (which are) equal to one another, each of the equal angles is a right-angle, and
the former straight-line is called a perpendicular to that upon which it stands. (Eu-
clid, 2007, p. 6)

Many Italian textbooks present perpendicularity using the right angles which are
created through particular couple of segments. In our cardboards, right angles
are present, but we never speak about them or we ask to observe them.
Moreover, as regard as “parallelism’ Euclid writes:

1.23. Parallel lines are straight-lines which, being in the same plane, and being pro-
duced to infinity in each direction, meet with one another in neither (of these direc-
tions). (Euclid, 2007, p. 7)

The previous definitions 1.10 and 1.23 emphasize the qualitative aspects.

Both ‘parallelism’ and ‘perpendicularity’ need at least two objects and their
suitable reciprocal positions (Table 1); cardboards 2, 3, and 6 are about
parallelism (or ‘superposition’), cardboards 5, 7, and 8 are about
perpendicularity (with segments in different orientations as regards as the card-
board sides), cardboards 1 and 4 present straws in neither parallel nor perpen-
dicular situations. Our cardboards represent in a concrete way some possible
mutual positions of segments. These choices are justified in order to promote the
thinking through analogies and differences. We recorded the sessions through a
video-camera.

THE EXPERIMENT

Our experiment involves class 1A (23 pupils), and 1B (25 pupils) of the
Vicofertile school in which we used squared cardboards (Table 1). In the third
class, i.e. 1A of Fognano school (23 pupils) we presented the straws without
buttons in the same position on round cardboards °. We present here the first
steps (work in progress) of this mid-term study, performed in the school years
2013/14 and which will continue in school year 2014/15.

We propose to observe straws representing caterpillars placed on cardboards in
appropriate mutual positions, and to give descriptions of showed configurations

9 We acknowledge the teachers G. Barantani (Vicofertile) and B. Riccardi (Fognano) for kindly giving us the
permission of experimenting in their classes, and for their collaboration and presence during the experiment
sessions. We gave their, in advance, an outline of the aims and of the methodology of our research, together with
the script of the class intervention.
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through these visual mediators. This requires the mastery of the visual (image
reading) and verbal (wording) semiotic registers.

In particular the researcher named green caterpillar as Pelu [P.]; children named
the red caterpillar Mangiamela [M.]. In the first two interventions pupils start
with the observation of our artefacts, and their verbal description (verbal
semiotic register). Pupils allocated many and different names for the same
geometrical relation. During the second slot learners’ suggestions are recalled
and the names of the relation represented on cardboards are put in the vote in
order to build the “language of classroom” of Gawned (1990).

Sometimes in order to favour the verbalization we proposed two different cards
for comparison. We tested also whether the orientation of the cardboard
influences pupils verbal description. Children’s descriptions of the cards are
recorded through videotape and analysed.

RESULTS AND THEIR DISCUSSION

This experimentation gave us many occasions of reflection about the pupils’
pre-conceptions and the standard classroom activity. We present in Table 1
a possible categorization of the children’s locutions, in order to detect in them
some geometrical aspects. In two columns of Table 1 we quote pupils’ locutions
which are pertinent with intra- or interfigural space conceptions, borrowing from
the nomenclature of Piaget & Garcia (1983). l.e. the use of adjectives as
‘horizontal’, ‘vertical’ and ‘slanting” makes reference to the whole cardboard
and its sides, therefore we consider these locutions as the presence of an in-
trafigural interpretation of the space. On the contrary we assume that the inter-
figural space is revealed through a child’s statement regarding distance or the
evocation of the space between the straws and also, generally, if the subjects of
statements are both the caterpillars *°. We find unforeseen presences of the trans-
figural space, which are revealed through the invariance of a configuration under
symmetry or rotation. We report the locutions concerning this conception in a
specific column.

The analysis of the children’s ‘definitions’ in Table 1 may provide clarity to our
purposes. The underlined locutions have been chosen through class open vote.
Remark that the majority of polls choices reveal an intrafigural stage.
A consequence of the intrafigural space consideration is that the cardboards
inner space is anisotropic, i.e. there are two privileged directions, ‘horizontal’
and ‘vertical’''. On the contrary, in the interfigural space consideration these
privileges disappear (isotropic space).

19 Our interpretation of the intrafigural — interfigural dichotomy of Piaget & Garcia (1983) may be disputable; we
are aware that other researchers propose different readings for the same concepts, e.g. Charambolos (1991),
Agli, D’Amore, Martini & Sandri (1997), Sbaragli (1999). We made a choice and using it, we produce our
categorization.

11Many locutions reveal that the medium on which straws are glued is not ‘neutral’ as states Sbaragli (1999).
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Cardboard

Intrafigural
space

Interfigural
space

Transfigural
space

Independent
space

Being horizontal,
Crocodile’s mouth;

Here closer, there far
off; Their faces are far;

If you rotate it,

M. goes in another
place; They

Triangle (?); Mountain; They.colllde W'th each !t I90ks like an collide with each
L : other; They meet; A
Pink is horizontal . other
Triangle (?)
A pencil with rubber; . .
Are horizontal; Double- Fallln_g dO.W” the tree; Dive; Going
o Looking like as one C Cai
barrelled pistol; In a caterpillar: M. is coin down; Going
line; Letter ‘I’; They pittar; B.15 9OING |, otated <1 underground; M.

are going to the same
side; They are walking;
Thread

towards P.; M. labours
more since it stays
behind; Sticky treads

is going to another
friend

A trunk of a tree; As
stripes of bees;
Crocodile’s close mouth;
Horizontal stairs; Mast;
Striped; They are
horizontal straight and
striped; They are
horizontal; Two lollipops

A railway track;
Crocodile’s close

mouth; Railway; They
do not meet since they
are going straight;
Train

A fallen trunk;
Rung ladder

They are going
straight; They do
not meet since
they are going
straight

Beak; Elephant’s pro-
boscis; Mouse’s muz-
zle; Mouse’s whiskers;
One straight and the
other slanting

Joining together they
are a boat; The faces
are closer; They are
more detached

Joining together
they are a boat

Asa ‘T’; M. helps P.
for bringing an apple
on the tree; P. climbs
up M.

Turning on the
other part it
looks like a “T”

Each one goes
home; One goes
down, another one
goes left

Slanting giraffe’s neck;

Slanting railway track;

Competing in a race;

Crocked ver-

6 Slanting vertical line; ina: Slanti tical; Rows; Competing in a
Curve; Escalator in a Ra_lcmg, Slanting Slanting race
supermarket; Slope;  |railway track railway track
Stairs y

Slanting; P. is
Slanting; Letter ‘°Y’; M. |A kind of ‘L’; Turning Iym_g dov_vr.l and
; . —— . : M. is on it;

7 is falling down; P.is  |in that way it looks ingin th
standing up like a ‘L’ Turn_lng In that

way it looks
like a ‘L’
Half rhombus; Two In this wav it

8 Letter ‘L’; Two at- colliding cars; M. looks Iike); hut
tached lines; Car seat |sniffs the feet of P.

a few turned

Table 1: Analysis of pupils’ locutions describing cardboards 1 - 8
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We observed that in presence of a rotation the pupils locutions change: e.g.
description of ‘parallels straws’ as “railway tracks” (card 3) and as “slanting
giraffe’s neck” (card 6).

Therefore, we conjecture that in general the invariance through rotations is not
grasped through children and this testifies the lack of appropriation of the
transfigural stage. Nevertheless (Bulf, Marchini & Vighi, 2013 and 2014) prove
that, with suitable artefacts and tasks, pupils of the same age reveal the presence
of pre-concepts regarding the isometries.

In the last table’s column we quote also locutions denoting the preconception
independent space which is revealed through the statements expressing the
possible continuation of ‘trajectories’ out of the cardboard, therefore it is a way
of thinking which requires a form of abstraction from the straw to the straight
line. The dichotomy independent space — non-independent space is studied
through Speranza (1994). In our experience, these two interpretations of space
may be identified in younger pupils (Marchini, 2004).

CONCLUSION

The experience confirms that younger pupils use their out of school knowledge
for describing geometrical configurations with their own language, “the real
world language” of Gawned (1990). In the physical world, horizontal and
vertical positions are dominant; therefore they may condition the language.
E.g. for cardboard 6, a child suggests ‘“slanting vertical line”; s/he introduces
a new locution to make up for the lack of a suitable word.

Some pupils interpret the straws configuration as representations of 2D or 3D
objects (e.g. trunk or neck) and use metaphors:

Since, however, language is a medium through which metaphor comes into being
and influences our thinking. | view the discourse on metaphor as inseparable from
the discourse on language (Sfard, 1997, p. 343).

For instance in the case of cardboards 3 and 6 the polls gave, respectively,
“railway track” and “slanting giraffe’s neck”. We interpret the use of different
metaphors, as the fact that pupils are unaware of the likeness (i.e. parallelism) of
the two cards. Moreover the (rare) presences of “slanting railway track” as
description of cardboard 6 could be interpreted as the recognition of parallelism
and the attainment of the transfigural stage.

About perpendicularity, children describe it taking advantage of the learning of
capital letters writing. They overcome the fact that our cardboards 5, 7 and 8 do
not present letters in the ‘canonical position’ (cf. “Turning on the other part it
looks like a “T*””). We consider the learning of writing an useful support of the
pre-conception of perpendicularity. But in the case of letter “Y’, cardboard 7, the
usual shape of this letters gets the better of perpendicularity (and also of the
lengths of straws).
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We may affirm that our tools offer the possibility of rich linguistic and geomet-
rical experiences about parallelism and perpendicularity, supporting our first and
second research questions. About the third question, Table 1 ratifies that
examples of locutions that show warning signs of different conceptions of space
are present.

Our research shows the importance to pay attention to children language and it
suggests that a meaningful experience may gradually enrich the mathematical
vocabulary:

The most important single factor influencing learning is what the learner already
knows. Ascertain this, and teach him accordingly. (Ausubel, 1968, p. vi)

Therefore a didactical consequence is that teacher must should be attentive to
the pupils way of speaking, taking it into account. In classroom discussion
teacher might exploit child’s tacit knowledge in order to improve “the language
of classroom” (Gawned, 1990). The teacher’s goal could be to favour the
acquisition of transfigural stage, since the mathematical nomenclature is
meaningful only with the intuition of transfigural space. But it is not enough.
Indeed, as a corollary of this study, we remark that the use of traditional names
‘parallels’ or ‘perpendiculars’ requires with the transfigural stage of knowledge
coupled with an isotropic space preconcept.

The pupils’ polls show the permanence in an intrafigural stage, therefore in an
anisotropic space conception. This is typical of the everyday experience of the
physical space, in which perpendicularity and parallelism, appear mainly in
presence of horizontal and vertical directions. Therefore, teacher should take
into account this children’s attitude and s/he is allowed to use the mathematical
standard words only whether s/he is aware that pupils achieved this more
complex and ripe stage (transfigural and isotropic space).

About the third research question, Table 1 ratifies that examples of locutions
that show warning signs of different conceptions of space are present.
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THEMES OF PUPILS’ CHOICES FOR THEMATIC
APPROACH IN MATHEMATICS IN PRIMARY SCHOOL

Ineta Helmane
Riga Teacher Training and Educational Management Academy

The article describes and analyses theoretical materials, pupils’ choice about
the aspects of the thematic choice in the acquisition of mathematics content
using the thematic approach in primary school. Teaching mathematics
thematically emphasises the use of applications of mathematics around a central
theme whereas teaching in topics predominantly emphasises mathematical
content. In the thematic approach mathematics content involves objects,
information, topics and themes. The topicality should be linked with happenings
in their personal lives as well as the latest developments in community life,
socio-economic processes or a scientific context as well.

INTRODUCTION

Mathematics is a necessity for the majority of humans’ actions as well as
activities. In each culture mathematics content is used on a daily basis, for
instance, in measurements, construction, cooking meals; also, mathematics is
used in various fields of commerce, i.e., food trade and last but not least, in
solutions of global financial issues. Thus, it is possible to introduce such
activities and objects in mathematics content that help learners appreciate the
significance of mathematics teaching/learning performing diverse lifetime
actions. The report published by the European Commission ,,Mathematics
Education in Europe: Common Challenges and National Policies” states that
teachers do not provide pupils with sufficiently clear explanations how
mathematics should be linked with everyday life and lifetime actions (European
Commission, 2011). In the process of teaching/learning mathematics we should
change the attitude and opinion that mathematics is complicated and not related
to real life. One of the possibilities how to implement it, is to organize
teaching/learning mathematics around ,,a big idea” and cross-curricular themes
which will help to show the connection with everyday life and other subjects
(Van den Heuvel-Panhuizen, 2001).

It explains why it is essential to create such mathematics content during which
learners would comprehend, understand and link the acquired mathematics skills
as well as knowledge with the existing situations in reality; apart from that, the
content of mathematics should ensure proper learners’ development, satisfy
learners’ needs as well as interests within the study process; also, holistic
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approach in learners’ development should be carried out. One of the existing
opportunities in order to do it is the thematic approach (Helmane, 2011).

AIM OF RESEARCH

To analyse the pupils’ chosen themes in the acquisition of mathematics content
within thematic approach and determine the compliance of pupils’ chosen
themes with thematic aspects within thematic approach in primary school.

ESSENCE OF THEMATIC APPROACH

The thematic approach involves the integration of various content fields
exploring an exciting idea which is closely linked with the content of different
subject areas. This approach arranges the study content in such a way that
learners comprehend the link among different subject areas as well as
interconnection with real life (Volsa, Konflina, 1998). Mathematics content in
the framework of the thematic approach is associated with the development of
skills in practical activities the so called “hands on” as well as the
intercorrelation of the acquired knowledge based on the theme or a concept;
also, skills that can be applied in lifetime actions as well as the development of
a personal sound attitude, values and goals.

Teaching mathematics thematically envisages linking mathematics with the
central theme which emphasizes and comprises mathematical content. For
instance, if the central theme is ,,Sports”, then the thematic units could be
organized in various content areas. percentage, measurements, statistics or
algebra, thus strengthening mathematics content (Handal, Bobis, Grimison,
2001). Therefore, the themes should be included in mathematics curriculum and
content in such a way that skills and knowledge would be taught and mastered in
accordance with the central theme, thus attaching significance and direction to
the educational process (Freeman, Sokoloff, 1995). The thematic learning links
mathematics with real, existing life situations (Handal, 2000) and the knowledge
is acquired in a meaningful and practically oriented context (Putnam, Borko,
2000).

Taking into account that a pupil at the early school age has a difficulty
concentrating if the content is not interesting, if it is abstract and does not
stimulate thinking (Cooper, 1998), also, when a pupil does not see the sense in
doing what he has to do, then the anticipated does not give satisfaction. In such a
state the pupil feels disappointed, stressed, internally alarmed which is
frequently accompanied by isolation, protest and unwillingness to learn. It is
especially dangerous in those educational stages when learning as a meaningful
process has just started (Abramova, 2003; Sousa, 2001). Then, within the
framework of thematic approach it is possible to show the practical importance
of mathematics content by explaining to pupils where mathematical skills and
knowledge are encountered in life and how significant it is to obtain and apply
correctly each new mathematical skill and knowledge. When facing such
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practical study content linked with real lifetime activities, pupils develop
a positive attitude towards mathematics and the content to be mastered as well
as interest and motivation to acquire mathematical skills and knowledge.

ASPECTS IN THE SELECTION OF THEMA IN THE ACQUISITION
OF MATHEMATICS CONTENT

In the thematic approach to mathematics content it is essential to use such
topicality that a learner may encounter in his/her real lifetime activities;
moreover, the topicality should be linked with happenings in their personal lives
as well as the latest developments in community life, socio-economic processes
or a scientific context as well: learners’ personal experience in accordance with
learners’ daily activities; social processes and learners’ roles in them,
behavioural norms, ways of socially important activities, generally accepted
symbols as well as the economic aspect; calendar year with seasonal changes,
anniversaries and traditional holidays, specific features of the period as well as
objects; science including the technological process, a theoretical explanation or
a precisely defined maths problem as well as widening the outlook; themes in
accordance with the National Standards of Basic Education with the content
integration of other subject areas, i.e., cross- curricula acquisition of the
mathematics content (Helmane, 2011).

Taking into account the specific character of mathematics content in primary
school and the aspects of thematic choice when mastering the mathematics
content, the thematic approach should be implemented in levels (see Table 1).

Level Component  Essence of level

] any object, article, phenomenon, living being according to
Level 1 Objects the calendar time from pupils’ private and social life,
socio-economic processes or with a scientific context

. any real event, its procedure, real life phenomenon about
Information : o . .
Level 2 and event private and social life events, socio-economic or
scientific processes, calendar passage of time

a short definition of content viewing, discussing and
investigating private and social life events, socio-
economic processes or also with a scientific context,
calendar passage of time

Level 3 Topic

general narration as the whole of phenomena, ideas, vital
issues according to the calendar time about pupils’ private
and social life events, socio-economic or scientific
processes

Level 4 Theme

Table 1: Levels of thematic approach in matematics (Helmane, 2012).
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The levels of thematic approach in mathematics are implemented successively
providing a gradual transition from objects to information and then to a topic
and theme. The thematic approach levels are closely connected with the content
saturation of the chosen thematical aspect. By choosing a higher level of
thematic approach, the content included in the thematic aspect enhances and
enriches. Thus, the number of tasks, exercises and activities related to the
chosen thematic aspects, increases in the acquisition of mathematics content.
Also, the time allocated for doing the tasks increases where the majority of
tasks, exercises and activities in a certain period are connected with the chosen
thematic aspect.

It is characteristic that when selecting a thematic aspect and the first level of
implementation of the thematic approach, the acquisition of mathematics skills
and knowledge is related to the objects appropriate to the thematic aspect, not
envisaging a wider substantive discussion about them. However, when selecting
a thematic aspect and, for instance, the third level of implementation of the
thematic approach, the acquisition of mathematics skills and knowledge should
be implemented within the framework of the topic, envisaging a short,
substantive statement about the events of pupils’ private and social life, socio-
economic or scientific processes as well as the opportunity to use objects and
information in accordance with the chosen thematic aspect.

RESEARCH OF PUPILS’ CHOSEN THEMES IN MATHEMATICS IN
PRIMARY SCHOOL

The research of pupils’ chosen themes in mathematics in primary school was
carried out in Form 4 (aged 9-10) of 3 different schools in Riga: one secondary
school, one private basic school, one basic school branch of secondary school.
The research was done over the period of autumn semester in academic year
2013/2014 where the pupils’ selected themes for the acquisition of mathematics
content within the thematic appoach in primary school were explored. During
the research the data were obtained by applying such empiric research methods
as questionnaires and a semi-structured interview. The aim of questionnaires
was to specify the pupils’ chosen themes for mastering mathematics content in
primary school. The aim of a semi-structured interview was to define more
precisely the pupils’ choice of themes for mastering mathematics content in
primary school.

The pupils of Form 4 were asked to fill in a questionnaire about the themes to be
used in the acquisition of mathematics content in primary school. The pupils
independently marked the themes topical to themselves about which they would
be willing to do mathematical calculations in the lesson. When marking the
themes, the pupils took into account that each offered theme must be evaluated
as interesting, topical for himself/herself and applicable in mathematics, as
partly interesting, partly topical, partly applicable in mathematics or not
interesting, not topical, not applicable in mathematics in primary school.
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Proceeding with questionnaires the pupils individually marked at least one
theme which could be interesting, topical for him/her, and applicable in
mathematics in primary school. The questionnaire data were analysed according
to the previously set thematic aspects as research criteria: learners’ personal
experience, situations; socio-economic processes; calendar year; science and
technological process; themes in accordance with the National Standards of
Basic Education (see Table 2).

Criterion Indicator Index
Learners’ personal School, hobby groups 1
experience,
situations Pupils’ daily activities 2

Shops, buying, selling 3

_ _ Customer,passenger, cook 4

Socio- economic : _ _
processes Socially significant activities 5

Generally accepted symbols: digits,currency 6

signs, symbols of measurements etc.

Annual and traditional festivals 7
Calendar year _

Seasons, change of seasons, seasonality 8
Science and Technological process, situation 9
technological Precisely defined mathematical problem 10
process Outstanding inventors 11
Themes in Related to natural sciences 12
aﬁcordgnce vath Related to home economics and technologies 13
the Nationa . Related to other subjects 14
Standards of Basic : — :
Education Animal world in different continents 15

Table 2: Criterion and indicators of the research.

The obtained data in questionnaires were made more precise in a semi-
structured interview where the pupils supplemented their answers to the
proposed questions about the themes, their topicality in mathematics in primary
school in the context of thematic approach. A peculiarity of this interview was
that the questions were not previously defined precisely, also, their succession
was not strictly specified, however, during the interview it was explored which
themes seem binding, topical and which themes do not arouse interest. The
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pupils also specified the chosen themes based on the criteria set for the research.
The length of each semi-structured interview was approximately 20 minutes and
they were transcribed and coded.

RESULTS

The data obtained from the questionnaires by 77 primary school pupils of Form
4 prove that the pupils in most cases evaluate the offered themes as interesting,
topical for themselves and applicable in mathematics in primary school. It could
testify about the pupils’ needs to realize, notice and link the skills, knowledge
obtained in mathematics with the situation existing in real life. It is characteristic
that among the pupils’ chosen themes the dominating is such a thematic aspect
as themes in accordance with the National Standards of Basic Education, socio-
economic processes. Interesting, topical for pupils and applicable in
mathematics are the themes in the following thematic aspects: socio-economic
processes and science and technological process. However, the pupils of Form 4
evaluate the themes related to calendar year as not interesting, not topical and
not applicable in mathematics (see Figure 1).

AN AP AVAV
NS NN
/Af\/ v‘\V/Q\

Indicators (see Table 2)

Figure 1: Pupils’ chosen themes for mastering mathematics content.

The collected pupils’ answers in the thematic aspect SOCio-economic processes
comprise common trends, interest about various socio-economic processes in
society, for instance, buying-selling processes, the actions to be performed in it,
transport, its movement, distances between cities, the population in different
cities, popular and in labour market required professions. The pupils have
a desire to explore extensively their town, area, country.

In a semi-structured interview most of the pupils acknowledged that in
mathematics lessons they would prefer to do such tasks of socio-economic
aspect which would be related to the theme about shops, buying and selling
processes. The following pupils’comments testify to that:
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Interviewer:  What tasks would you like about shopping?

Anna: About shops. | like shopping. There are so many things to buy.
I would like to calculate so that | could calculate better in the
shop.

Edvard: I like tasks where | can choose and buy. My mum also buys a
lot.

It is typical that the pupils’ answers in the thematic aspect Learners’ personal
experience, situations show a pupil in various situations performing varied
lifetime activities, taking part in educational process. However, there is a desire
to replace this thematic task by children’s pastimes, out-of-school activities. For
instance, in a semi-structured interview a pupil indicates topical alternatives to
himself/herself for the themes about school and hobby groups thus, enhancing
the thematic aspect Learner’s personal experience, situations:

Interviewer: You marked (in a questionnaire) that only occasionally you
want tasks which would be about school and different hobby
groups.

Peter: Yes, | already know what is going on there. Why should |
calculate about it ?

Interviewer: How do you know that?

Peter: I myself go to football, sing in a choir, what else is needed?
Interviewer: What is your suggestion about the theme?

Peter: It might be about...films, film stars?

Interviewer: Yes.

Peter: Also about famous sportsmen.

Conversely, the themes of the thematic aspect Calendar year about seasons,
change of seasons, seasonality are the ones which pupils evaluate as the least
interesting, not topical, not applicable themes in mathematics in primary school.
The critical evaluation of the theme is explained by unconformity with the
specific age as well as the excessive uniformity, seasonality in each academic
year. However, the pupils who characterize the theme about seasons, change of
seasons and seasonality as topical, interesting and applicable in maths tasks,
emphasize the thematic link with really existing, typical phenomena, objects in
a particular period of time.

Interviewer: Don’t you really want tasks about seasons?
Ivo: It is usually done in kindergarten, but I am already in Form 4.

Interviewer: What should be calculated?
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Ivo: | want to do the tasks containing complicated things, for
instance, about constellations.
Interviewer: Why does it seem interesting to you to do tasks about seasons?

Eva: | like to calculate about the same what is going on outside: in
autumn about rain, in winter about snow.
The pupils evaluate the themes of the thematic approach aspect Themes in
accordance with another subject as topical, interesting and applicable in maths
tasks. The majority of pupils emphasize that they would rather do tasks related
to home economics and related to nature, animals, plants which are acquired in
natural sciences. For instance,

Interviewer: What should be the tasks about?
Kate: Very interesting and not too hard text tasks
Interviewer: What would be an interesting text task?

Kate: | would like about painting, fruit, flowers.

It is typical that pupils evaluate a more precisely defined theme, for instance,
Animal world in different continents more positively than the theme with general
guidelines on connection with a particular school subject — natural sciences.
In a semi-structured interview pupils willingly comment and substantiate their
choice explaining that in natural sciences there are both exciting and also boring
and dull themes.

The analysis of pupils’ opinions obtained in the research revealed a close
connection between the thematic approach and the acquisition of mathematics
content in primary school. Pupils closely link the acquisition of mathematics
content with the thematic approach offering themes which could be used in
processes of both the acquisition of new skills and knowledge and the
development of the mastered mathematics content.

Interviewer:  About what else would you like the tasks in mathematics?
Kolja: Simplify the expresions about dancers.
Interviewer:  Simplify the expresions and dancers?

Kolja: Yes... Somehow boring, only numbers and numbers. | like
dancing. Then it would be more interesting to calculate.

Thus, it is possible to raise the probability that in the acquisition of mathematics
content it is advisable to use themes in all levels of implementing the thematic
approach: the levels of objects, information and event, topic and theme.
Therefore, as a result of the research, it is possible to specify the significance of
thematic approach in the acquisition of mathematics skills in primary school.
Within the framework of thematic approach it is possible to show the practical
importance of mathematics content, explaining to the pupils where
the mathematics skill and knowledge are encountered in life, and how
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significant it is to master and apply correctly each new mathematics skill,
knowledge. Facing such practical content based on real life, pupils develop
interest about mathematics and the content to be acquired. Complying with this
prerequisite the content of mathematics comprises a less obvious contradiction
between the reality of life and the content to be acquired in mathematics,
moreover, the mathematical skills and knowledge obtain a greater confidence
level, the vision of connection with life. The reflection of real life provides the
opportunity to supplement the content of exercises and tasks, problems and
reasonableness of the acquisition of measurements.

CONCLUSION

Teaching mathematics thematically envisages linking mathematics with the
central theme which emphasizes and comprises mathematical content.
Mathematics content in the framework of the thematic approach is associated
with the development of skills in practical activities the so called “hands on” as
well as the intercorrelation of the acquired knowledge based on the theme or
a concept; also, skills that can be applied in lifetime actions as well as the
development of a personal sound attitude, values and goals.

Within the framework of thematic approach it is possible to show the practical
importance of mathematics content by explaining to pupils where mathematical
skills and knowledge are encountered in life and how significant it is to obtain
and apply correctly each new mathematical skill and knowledge.

In the thematic approach to mathematics content it is essential to use such
topicality that a learner may encounter in his/her real lifetime activities;
moreover, the topicality should be linked with happenings in their personal lives
as well as the latest developments in community life, socio-economic processes
or a scientific context. Taking into account the specific character of mathematics
content in primary school and the aspects of thematic choice when mastering the
mathematics content, the thematic approach should be implemented in levels.

The pupils in most cases evaluate the offered themes as interesting, topical for
themselves and applicable in mathematics in primary school. It could testify
about the pupils’ needs to realize, notice and link the skills, knowledge obtained
in mathematics with the situation existing in real life. It is characteristic that
among the pupils’ chosen themes the dominating is such a thematic aspect as
themes in accordance with the National Standards of Basic Education, socio-
economic processes. Interesting, topical for pupils and applicable in
mathematics are the themes in the following thematic aspects: socio-economic
processes and science and technological process.
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When technologies are used in teaching and learning mathematics it is
important to assess how activities will support the process of mathematical
understanding and skills. In the literature one can find a lot of information
about using computer software and graphic display calculator (GDC) in
teaching and learning mathematics. The aim of this paper is to show how
students overcome difficulties with solving a task concerning statistical data by
using IT.

INTRODUCTION

The use of graphic display calculator was introduced in 90s of the last century
and is still widespread. In Diploma International Baccalaureate exams in
mathematics it was introduced since 2004 as a mandatory device. (Some
information about International Baccalaureate Diploma one can find in
(Jureczko, 2012a, 2012b)). Till now there are other examinations which the use
of GDC is compulsory. In the literature there are a lot of reviews of attempts of
classification of ways in which GDCs can be used to maximize learning and
achievement. We can find also propositions of teaching practices during lessons,
see (Graham at.al, 2008), (Lee at.al, 2010). Some of the modes of GDC are used
more often. Students and their teachers usually use GDC as a tool for numeric
and graphic strategies even such which can be made using paper and pencil. One
can find in (Jureczko, 2014) a feedback of questionnaire in using GDC during
mathematics learning. More and more teachers recognize that computer software
and GDC are powerful tools for the mathematics learning. But most of papers
authors describe only observations and work of students during the lesson in
limited time and with little help of the teachers. It seems to be important to
observe and analyze how students use GDC and computer software in solving
challenged tasks at home without time limitation. An International
Baccalaureate (IB) Program is good opportunity to do such analysis.

The research analyzed in this paper was a task from portfolio for 2011 and 2012
(type Il - modeling) solved by students during 10-day period (further
information about portfolio one can find in (Jureczko 20123, 2012b)). According
to procedure of International Baccalaureate Organization a teacher could help
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students in very limited way (without giving even a partially solutions). The role
of the teacher was to say general information about task assessment criteria and
make students meet deadlines. Students solved this task as their homework and
after 10 days gave the teacher finished work. It is impossible to follow which
buttons in GDC were pressed during the work of student, but we can observe in
which part and why students used GDC.

The task considered in this paper is related to statistics and analysis of statistical
dates. In literature there are papers concerning the same part of mathematics
(Gordon at.al 2009), (Foster 2007). In paper (Obara, 2009) we can even read
how students collect and represented their data to statistical analysis. In (Doerr
at.al, 2000) authors divided type in using GDC computational tool,
transformational tool, data collection and analysis tool, visualizing tool,
checking tool. This paper shows how use of technology assisted students in
solving task in (compare (Foster , 2007)):

e reading data (to looking at difference between data in each part of the
task)

e estimating lines of best fit (not having knowledge about regression)
e changing models for fitting to farther data
e recognizing trend to data
e finding limitations.
DATA COLLECTING AND ANALYSIS
Data collecting

The task was originally taken from portfolio Mathematics Standard Level (SL)
for use in 2011 and 2012 published by International Baccalaureate Organization.
In research 8 female students of International Baccalaureate class took part.
During attending this class students did not learn using computer software for
solving tasks of statistics. Before the experiment students were learnt descriptive
statistics (especially with using GDC: box plot, cumulative frequency, median,
quartiles, histogram). Students were not inform about regression at all (which
occurred important in this task) because this topic does not exist in syllabus of
mathematics SL.

During one lesson | gave general information about task, but did not solve any
part of it (because of procedure published by International Baccalaureate
Organization). Students solved this task during 10-day-period without time
limitations (as their homework) and after this time gave the teacher final version
of their work. Each student was equipped in GDC with which they worked one
year before the research. At home students had their own computers with access
to the Internet. Teacher knew limitations of using GDC and computer software
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for this task but did not inform students about it. The original task titled
“Population trends in China” is in Appendix 1.

Analysis

Following the instruction given in the task all students plotted data properly and
all of them noticed that this trends grew in those years. Almost all of students
used a functions of spreadsheet but some of used Autograph or MatLab or
something like that. Then students tried to find the line of best fit. Four of them
found that the line should be exponential function, but the other decided that the
best line is a polynomial (only one girl decided that it should be polynomial of
degree 9, the others seeked polynomials of degree 6). There are example of
student’s works.

Original equation for the exponential growth function is:
f(x)= ae*
However, here it can be altered into:

P(t) = ae® ,where P(t) indicates the number of population in millions in each
year (based on the table 2.), a is parameter and d represents difference between
initial year (1950) and any subsequent year.

Table 2. Differences between years.

Year (t) 1950 1955 1960 1965 1970 1975 1980 1985
Difference between
initial year and 0 5 10 15 20 25 30 35
subsequent year (d)

Example 1.
P(1950)=a x et ,where d; = 1950 — 1950 = 0

554.8=a x e’ =a x 1 =a ,thusa=554.8

Example 2.
P(1955)=a x e%2  ,where d, = 1955 — 1950 = 5

609 = a x e® = 554.8 x 148.4131591
609 = 82339.62 therefore the outcomes greatly differ.
Because of this, the equation need to be amended and thus:

P(t)=a x e®® ,where § is a parameter.
P(t)= 554.8¢4%
as-P®
554.8
P(t) In(grr)
do = ln(554.8) ' - 5;4.8

All values of & are counted with the use of GDC.
To obtain one constant value of §, the best solution is to conclude the mean value.
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0.019+0.0174+0.018+4+0.020+0.021+4+0.020+0.019+4+0.018+0.018
Hence, § = 5 = 0.019

This gives the final formula:
P(t) = 554.8¢001%4

It enables to draw a following graph with the use of the program Autograph.

Graph 2. Comparison of the former function and exponential growth function.

1400 T Population in Mitiens (P
1300 7
1200
1100
1000 7

900

Difference in years from the initial year 1950

0 0 20 30 a0 50

Table 1: Original student’s work

Basing on all the analysis of the graph above, we can now develop one model
function that will fit the data points in the graph. The polynomial function of ninth

degree will be the most accurate with the original data. The equation for such

function is:
y =ax®+ bx® + cx” + dx® + ex® + fx* + gx3 + hx? + ix +j
Where in this investigation, y is P, population, and x is t, years.

The coefficients of x are going to be calculated with the use of technology,

alongside with plotting the graph.
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13501 P {Population)

450+

001~

1301

t (Years)

3 10 13 2 23 30 33 4 45

The equation of the model above is:

y = 2.5227E — 10x° — 4.4501E — 08x® + 3.0871E — 06x” — 0.0001x°
+ 0.0017x% — 0.0135x* + 0.0558x3 — 0.4082x2 + 12.3508x + 554.8

The equation was determined by the software, Graph 4.3. The value of coefficients
is given to four significant figures. The value of j is the value of Pint = 0.

This graph also has a correlation of the original data and model of R®> = 1.
Therefore, it is a perfect fit. This proves that the analysis of data graph was correct.

Table 2: Original student’s work

Another one even explained how to do using GDC

Looking on the graph and changes between next points it can be predicted that the
function that the best fits the data will be the polynomial function. Thanks to many
parameters that can change the behavior of the curve (in points of inflection) it can
fit changing the data the best.
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USE OF THE GDS
1. In STAT select F1-GRAPH and then F1-GRAPH1.
2. Select F1-CALC and then F2-x, Fl1-ax+b

3. Parameters and correlation coefficients for given function will
appear on the screen.

4. Repeat the same action for every other function

5. Present obtained data in a table and choose the one function with
the biggest correlation coefficient.

The r2 coefficient of given function are:

Function The correlation coefficient r*
y=ax+b 0.9947
y=ax’+bx+c 0.9955
y=ax’+bx*+cx+d 0.9985
y=ax*+bx>+cx’+dx+e 0.9986
y=a+blnx 0.9945
y=ax+he™ 0.9903

As predicted the highest value of r2 has the polynomial function
y=ax*+bx3+cx?+dx+e. It means this should be the function that the best fits the
given data.

Question 3.0
“Analytically develop one model function that fits the data points on your graph.”

Answer 3.0
To find an exact parameters of function the we will use once more the GDC.

USE OF THE GDS:
1.In MAIN MENU select STAT.

2Select F1-GRAPH and then F1-GRAPHL1.
3.Select F1-CALC, F6 to move list further and then F2-x"4.

4. The calculator will show the exact parameters of the function on the
screen.

The parameters given by the calculator are:

a=-2,589*10°°

b=0.01496

c=-25.29400

d=10091.98657

€=6456286.18429

Therefore the function y=ax*+bx>+cx*+dx+e will look as following:
y=-2,589*10"°x*+0.01496x°+-25.29400x*+10091.98657x+6456286.18429
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Question 4.0
“On a new set of axes, plot your model and the original data. Comment on how well
your model fits the original data. Revise your model if necessary.”

Answer 4.0
To properly compare new model and the set of data they should be place on the
same set of axes.

USE OF THE GDC:
1. In STAT select F1-GRAPH, F1-GRAPH1,

2. Select F1-CALC and then F2-x"4.
3. Select F5to copy equation and F6 to draw a graph.

12— B Given
it G s e v data
e e s s e i e
600 =

= The
M e e bt
A e e e functio

e e e N e n

1580 1950 1960 1970

1580 1990 2000

4. In the MAIN MENU go into GRAPH.
5. Select F6 to draw copied graph.
6. Select F1 and write a value of x you are interested in to obtain the y.

To determine if the given function actually fits the graph we can use relative and
absolute error. They will show us the difference between given data and value
obtained from graph and the pertencage change in the values.

Relative error : z=[Xg-Xy]

In which:

Xq- given data

Xn- theoretical value

[ ]- absolute value

Absolute error: Relative error*100%/Xg

If the absolute is smaller than 3% we can say that the graph model the given data
well.

Theoretical values from first Relative Absolute terror
Years | Given data function graph error [%]
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1950 554,8 556 1,2 0,21629416
1955 609 601,6 7,4 1,215106732
1960 657,5 664,4 6,9 1,049429658
1965 729,2 740 10,8 1,481075151
1970 830,7 824,1 6,6 0,794510654
1975 927,8 912,3 15,5 1,670618668
1980 998,9 1000 1,1 0,110121133
1985 1070 1082,9 12,9 1,205607477
1990 1155,3 1156,4 1,1 0,095213364
1995 1220,5 1215,9 4,6 0,376894715

Table 3: Original student’s work

It is interesting that students tried to find the line of best fit using technology
only. Almost all of them used GDC. They tried to fit linear and logarithmic to
but they quickly gave up such solutions. None of them tried to find the solutions
algebraically. Observing coefficients it would be rather difficult. Students
probably tried to find a pattern of linear function but they gave up this idea.

The model P(t) proposed in the task was recognized by all of students as
a logistic model. They found the adequate function in their GDC. But, it is very
important that each student gave this function which other parameters K, L and
M, but if they put a graph of the same screen they obtained almost ideal line of
best fit. Below there are propositions of such functions (or parametres) of all
students taking part in the research.

Flx) = 750 3224.22413
14 0.85¢7023* Pli= 144.76773238xe—0-02432536t
K =3227.9068 P (0 3224.22
L= 4.7747 = —0.02t
and M = 0.0243 R—
_ 470.258722 3224.22
Y = 1546022+ 10719 — 0.02226x P(t)= —ooa
1+4.77e
2045 _ 4228.11312
P(t) = 1 + 2.77e-0032t P(t)= 1+ 4.6022 *1(Q% o 002225828

Table 4: Pieces of original student’s work

Four of the functions mentioned above (in grey boxes) are very similar, but two
of them were interpreted as follows
3224.22

PO = 13477000
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Comparison of researcher’'s model and the
original data
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13000
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1000.0

— ~i-originalimodel of China
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2000
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Table 5: Original students’ work

And were recognized as unfitted lines. It is strange situation, because for other
students the line was of best fit.

The last questions of this task was to observe how the populations was grown in
the future.

Four to eight students claimed that the best one occurred the logistic model (but
with changed parametres). They tried to fit their own models, but exponential
and polynomials modedls tended to infinity, hence they gave them up.

750 1846.69011
1+ 0.85¢70-23x P = 1+ 2.31173963 X ¢~0.03216208d
K = 1869.1956 P(t) = 2045
anéiffgéoﬁpg = 1+2.77e700%%

Table 6: Original students’ work
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One student tried to analyze more than two models. Her solutions she wrote in
a table (below) and she chose the polynomial.

. Coefficient of determination
Function Formula R?
Linear y =43,593x + 1058,9 R2=10,8292
Exponential y = 1061,9e" %% R2=0,8027
Logarithm y = 149,14In(x) + 1051,7 | R2=0,9753
y = 0,0875x° - 1,9583x°
. + 16,45x"* - 60,583%° +
Polynomial 63,663 +1831dx + | % 1
829,3
Power y = 1053,8x%1%% R2=0,9633

Table 7: Original student’s work

One student claimed that the polynomial which she found in the first pair of the
task it was the best one. Students who found the logistic model as the best one
for these data they noticed that this model became stabilized. Students who
chose polynomials did not think about future data because each mentioned
polynomial tended to infinity. Students in this task still used GDC as a main
device.

CONCLUSIONS

At least two types of technology were utilized for this task. The main role in
solving played GDC which were used as a data collection and analysis tool and
visualizing tool (to find the line of best fit) and as a checking tool (some
students passed photo of the screen of GDC in their papers). Although GDC was
enough device to solve problem given in the task students were made use some
other software usually to show the graphs. (A screen of GDC is to small and
imprecise). It is important to repeat that students were not taught about
regression but they could find it as a useful function in their GDC. But students
could not use the device fully, because they did not think about predictions for
the future (how chosen by them line will behavior in the future). Hence
technology is not able to substitute human thinking.

One it is important to admit that author of (Foster, 2006) was right that

GDC offer sequential viewing of linked representations, while spreadsheets allow
simultaneous viewing of linked representations.

It is important reason for which students have to use computer software instead
of GDC.

The task was interesting for students as real-life although it was obligatory they
solved it willingly. They did not any instructions from the teacher but their work
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occurred with precise analysis (they gave step-by-step-solutions). As researched
students said the task was inspiration for examining other data sets especially in
natural sciences.

Appendix: original Chinese task

= MATME/PF/M11/N11/M12/N12

POPULATION TRENDS IN CHINA SLTYPE II

Aim: In this task, you will investigate different functions that best model the population of China
from 1950 to 1995.

The following table' shows the population of China from 1950 to 1995.

Year 1950 21955 19607 1965: 1970 11975 - 1980/ 1985 1990 1995

.P°pu.la?°n 5548 6090 657.5 7292 8307 9278 9989 1070.0 11553 12205
in Millions

Define all relevant variables and parameters clearly. Use technology to plot the data points from
the above table on a graph.

Comment on any apparent trends shown in the graph. What types of functions could model the
behaviour of the graph? Explain your choices.

Analytically develop ene model function that fits the data points on your graph.

On a new set of axes, plot your model and the original data. Comment on how well your model fits
the original data. Revise your model if necessary.

A researcher suggests that the population, P at time 7 can be modelled by

P(t)= where K, L and M are parameters.

Use technology to estimate and interpret K, L and M. Construct the researcher’s model using your
estimates.

On a new set of axes, plot the researcher’s model and the original data. Comment on how well this
model fits the original data.

Discuss the implications of each of these models in terms of population growth for China in the
future.

Here are additional data on population trends in China from the 2008 World Economic Qutlook,
published by the International Monetary Fund (IMF).

Year 1983 1992 1997 2000 2003 2005 2008

Population
o Milliona 1030.1 1171.7 1236.3 1267.4 1292.3 1307.6 1327.7

Comment on how well each of the models above fit the IMF data for the years 1983-2008.

Modify the model that best fits the IMF data, so that it applies to all the given data from 1950
to 2008. Comment on how well your modified model fits all the data.

! Data from the “land use change and agriculture program”, published by the Jr ional Institute for Applied Systems Analysis

For final assessment in 2011 and 2012



AN EXAMPLE OF AN UNUSUAL POLYHEDRON

Magdalena Kubat
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Line segments contained in the boundary of faces of a polyhedron and not
containing, except their ends, other vertices are called ‘“edges” of this
polyhedron (seeWaliszewski, 1987). In school mathematical education student
has to deal with some examples of polyhedra, such as prisms and pyramids (see
e.g. Klaczkow, Kurczab, Swida 2005). However, the concept of a polyhedron
and the related definition of its edges, vertices and faces are not fully
understood by students (see Lakatos 2005). From my own observations I noticed
that students very often identify the notion of a polyhedron as the notion of a
simple prism or, what is more worrying, with the notion of a normal prism. This
paper contains an interesting example of a polyhedron and a related research
concerning problems mentioned above.

THE ORIGIN OF THE RESEARCH PROBLEM

| was a co-organizer of the mathematical workshop for children devoted to
polyhedra, which took place during the “Matopolska Noc Naukowcow” in 2013.
Participants of this workshop, after a short introductory lecture, were given the
task to build, using blocks (Reko or Geomag), an Euler's polyhedron chosen by
themselves. As a next step they had to count the number of vertices, edges and
faces of the created polyhedron, and check that the Euler’s formula held in that
case. One of the workshop participants built an interesting polyhedron, for
which (according to his opinion) Euler's formula did not hold. The proposed
construction turned out to be so interesting that prompted me to start a research
based on this particular case (see Grunbaum (1994) for a discussion regarding
related topics concerning “unusual” polyhedra).

THE EXPERIMENT
The aim and the organization

The main aim was to observe, with the help of the polyhedron mentioned above,
how students perceived the notions of edges and vertices of polyhedra.

For this purpose, for each participant of the experiment I prepared:
e a model of the polyhedron made from paper,

e a projection of the polyhedron in the form of a computer visualization on
a sheet of paper,
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e a research task divided into two parts (containing questions about the
number of vertices, edges and faces of the considered polyhedron, and
also some questions concerning Euler's formula, including its usefulness
in that situation).

The experiment was carried out on a group of 100 students from one of the top
high schools in matopolska. Each person participating in that experiment had to
solve the task using only a given model of the polyhedron and its projection in
the form of a computer visualization on a sheet of paper.

Materials used in the experiment

Picture 1: A model of the polyhedron
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Picture 2: A projection of the polyhedron in the form of a computer visualization

Magdalena Eubat, Zadante ; pewnym wieloscianem
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Picture 3: A research task

THE NUMBER OF EDGES, VERTICES AND FACES OF THE
PRESENTED POLYHEDRON

For simplicity, the number of vertices, edges, and faces of the polyhedron is
denoted by V, E and F, respectively. The polyhedron presented in this article has
exactly 4 concave-convex vertices.
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Picture 4: Four concave-convex vertices of the polyhedron

According to the definition of an edge of a polyhedron (an edge connects two
vertices — no more!) (cf. with definitions given in (Coxeter, 1987, Cromwell
1997, Grunbaum 2003, and Cohn-Vossen, Hilbert 1956, Janowski 1978,
Krygowska, Trelinski 1972, Waliszewski 1997) there are two lines and each line
contains exactly 3 edges of the polyhedron from Picture 5.

Picture 5: Colinear edges of the polyhedron

Summarizing, it is easy to see that V=19, E=23 and F=11.
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THE RESULTS OF THE EXPERIMENT

Before starting the research, | thought that the students would have difficulties
mainly with noticing three edges of the polyhedron located on one line.
Therefore, the most expected answer to the question about the number of edges
was 19. Another problematic situation foreseen by me was the question of
recognition by the students of the convex-concave vertices in the polyhedron.
| suspected that omission of these vertices would lead students to the wrong
number of vertices in the polyhedron equal to 10 instead of 14. Moreover,
| assumed that the polyhedron would prove to be so unusual that at least some
students would have doubts whether the Euler’s formula held in that case.

However, the results turned out to be much more surprising. The below table
presents the results without the division of students according to age and profiles
of school classes.

\/ E F Number of results
10 19 11 15
14 19 11 14
10 17 11 14
14 17 11 10
10 17 10 6
10 19 10 4
14 23 11 3
14 21 11 3
14 19 10 3
10 13 11 3
14 17 10 2
14 16 11 2
14 16 10 2
14 15 11 2
10 13 10 2
10 23 9 1
13 22 11 1
10 21 11 1
10 20 10 1
14 18 12 1
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\/ E F Number of results
14 18 10 1
6 17 11 1
13 17 16 1
10 16 11 1
14 15 10 1
9 13 11 1
10 12 11 1
8 12 6 1
10 11 11 1
20 10 12 1

Tabele 1: The results of the experiment

During the research project | had the opportunity to talk with the participants.
More than once, students expressed their surprise that there existed the formula
which expressed the number of edges, vertices and the faces of the polyhedron.
Moreover, which also was confirmed in written sheets of the research task, the
high school students felt presented solid as “strange” and were not certain about
counting anything on it (counting both of vertices, edges and faces of the
polyhedron, and thinking about the applicability of Euler's formula for the
solid). Nevertheless, the biggest surprise for me turned out to be such a large
range of received results. | was expecting results suchas: E=19,V =10, F=11
or E =19, V =14, F = 11, however received a large variety of outcomes,
including some very low numerical results, which were particularly surprising to
me.

| would also mention about the repeated results of the number of faces equal to
10. I asked one of the students how she had been counted, and with counting
again beside me, she said that the polyhedron was formed by gluing two solids.
Therefore, the upper base of a cuboid was, according to the student, one face
(not two) of the newly created solid. Curious of such student considerations,
| asked the same thing the next research participants, according to whom the
number of faces in the presented polyhedron was also equal to 10 and gave
a similar explanation.
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Picture 6: The polyhedron as the solid that was formed by gluing two solids

CONCLUSIONS

The research provided some informations on how students cope in a situation
not previously encountered at school. By observing the process of the research
and talking with the participants | came to the conclusion that the high school
students were not certain about the correctness of their calculations due to the
unigueness of the task. The research problem turned out to be so interesting and
extraordinary for the students, that it led to a lot of interesting discussions about
both the result of the calculations of the number of edges, vertices and faces of
presented polyhedron, as well as the definitions of those notions in
a polyhedron. The research participants who observed some of the problematic
situations that were described in section “The Number of Edges, Vertices and
Faces of the Presented Polyhedron” of this article were very curious about the
subject of defining an edge and vertex of a polyhedron (cf. discussion of such
phenomena stated in Lakatos (2005). | believe that the research problem
submitted in this paper can be an excellent introduction to entering the definition
of a polyhedron in schools, and concepts associated with it.
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Problem posing is a mathematical activity closely related to problem solving but
also to creativity. In the present study we engaged preservice mathematics
teachers in a situation that involved posing, solving and evaluating problems
that were related to two given contexts. The results show differences in the
difficulty of the problems as it was perceived by us and the students; moreover,
the importance of the wording of problems has emerged because of the different
interpretations of the posed problems.

INTRODUCTION

The importance of engaging students of all ages in problem solving situations is
manifested in numerous contemporary curricula and research reports. Since
Polya’s (1957) How to solve it? there have been considerable changes in the
methods for implementing problem solving in the mathematics classroom.
However, Polya’s contributions are still considered in many contemporary
approaches. A characteristic example comes from Polya’s heuristic that suggests
to the solver to initially solve a problem which is related or analogous to the
proposed one. In other words, the solver is asked to pose a different problem.
Thus, problem posing, which lies at the core of this paper does not constitute a
novelty in mathematics education; however, its systematic implementation and
analysis have started rather recently. The most frequent method of implementing
problem posing is as a companion to problem solving (Kilpatrick, 1987). In all
cases, researchers tend to agree not only on the relationship between solving and
posing problems, but also on the creative nature of problem posing activities
(Silver, 1997).

A considerable amount of studies has been devoted to problem posing by
students (Kontorovich, Koichu, Leikin & Berman, 2012; Silver & Cai, 1996) or
preservice teachers (Crespo & Sinclair, 2008; Koichu & Kontorovich, 2013).
Among these, we find some which offer a systematic approach for implementing
problem posing and for analysing its outcomes (i.e. the created problems).
Following Kontorovich et al. (2012) we may claim that:

... learning effects of problem posing activities (e.g., improving motivation or
creativity development) are, as a rule, impressive even when the problems produced
by students and teachers are not of good quality. Second, problem-solving skills are
necessary but not sufficient in problem posing. Third, problem posing as a complex
learning activity is still not sufficiently understood... (p. 150)
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The present study aims to contribute to the existing body of knowledge on
problem posing of students-preservice teachers, by offering a somehow different
approach for the implementation of the process itself, in a way that allows for
the evaluation of students’ work, together with their self-evaluation in an
interactive way. From a research perspective, we aimed to answer the following
questions:

a) What type of problems did the students create when they were given
a semi-structured situation?

b) How did the students evaluate their colleagues’ problems, based on
predetermined criteria?

c) What was the degree of similarity between the solutions provided by the
posers and their peers and how was it explained by the posers?

d) What type of context did the students favour for their problem posing and
why?

Before we proceed with the description of our research, we will present our
theoretical background, which consists of particular approaches on methods to
implement and analyse problem posing.

THEORETICAL FRAMEWORK

As mentioned before, problem posing is (or can be) related to problem solving
in many ways. We have already mentioned one of Polya’s heuristics, according
to which the problem solver poses and then solves a problem which is similar to
the initial problem he is facing. According to whether problem posing takes
place before, during, or after problem solving, it can be categorised as
following:

e Prior to problem solving when problems were being generated from
a particular stimulus (such as a story, a picture, a diagram, a representation,
etc.)

e During problem solving when an individual intentionally changes the
problem’s goals and conditions (such as in the cases of using the strategy of
“making it simpler”)

e After solving a problem when experiences from the problem-solving context
are modified or applied to new situations. (Silver, 1994, as cited in Bonotto,
2013, p. 39)

Generally, problem posing can be defined as the creation of a new problem or as
the reformulation of a given problem (Silver, 1994), where the initial conditions
may vary. Particularly, Stoyanova & Ellerton (1996) refer to three problem
posing situations:
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a) free, where there are no restrictions for the students; they can pose any
problem they wish;

b) semi-structured, where the students are provided with an initial situation
and they are asked to create a problem based on it;

c) structured, where the students are provided with an initial problem and
they are asked to reformulate it.

There are many aspects of problem posing that make it a very useful tool in
mathematics education and also in (mathematics) teacher education. The basic
aspect is the close connection of problem posing with creativity (Silver, 1997).
Additionally, by problem posing, students are put at the centre of the learning
process, which is usually not the case in traditional teaching/lecturing or even in
problem solving, where the problem is posed by somebody else, e.g. the teacher
or the author of the textbook (Kilpatrick, 1987). Finally, it provides the teacher
or the researcher with a concrete view of the poser’s mathematical knowledge
base (Kontorovich et al., 2012).

Moreover, the request from the students to pose problems within realistic
contexts (English, 1997) provides them a great opportunity for critical thinking,
since they have to interpret the given data, discriminate between significant and
insignificant information and “investigate if the numerical data involved are
numerically and/or contextually coherent” (Bonotto, 2013, p. 40).

The process of problem posing itself has been investigated in various studies
(e.g. Bonotto, 2013; Koichu & Kontorovich, 2013), while some of them extend
their analysis to possible relationships between the posed problems and the
posers’ mathematical knowledge (Leung & Silver, 1997), and more particularly
problem solving (English, 1998) or creativity (Silver, 1997). Among these, of
particular interest to us was Kontorovich et al.’s (2012) study, where they
focused — among other facets — on the notion of aptness for analysing problem
posing:
Considerations of aptness are the poser’s comprehensions of explicit and implicit
requirements of a problem-posing task within a particular context; they also reflect
his or her assumptions about the relative importance of these requirements.
(Kontorovich et al., 2012, p. 151)

Aptness can be differentiated among aptness to the poser herself or himself,
aptness to the potential evaluators, aptness to the potential solvers and aptness to
the group members in cases of problem posing in groups. Kontorovich et al.
(2012) claim that “Considerations of aptness can be elicited based on one’s
utterances concerning quality of problem-posing ideas and the resulting
problems” (p. 154).

The studies aforementioned, together with a previous study conducted with
Greek preservice teachers (Tatsis, 2014) have offered us a valuable source for
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the design of our own research. Our methodological considerations are
presented in the following section.

CONTEXT OF THE STUDY AND METHODOLOGY
Design of the study

We have designed our study according to our research questions, at the same
time considering the relevant literature and the particular characteristics of our
setting. Concerning the type of problems that were posed, we were actually
interested in what Kontorovich et al. (2012) refer to as the knowledge base of
the posers, which

... can be explored by examining mathematical validity of the posed problem, that
IS, the unambiguity of the problem formulation and the solvability of the problem.
The examination can be done from both the posers’ perspective(s) and researchers’
perspective(s). (p. 152)

We decided to examine the solvability of the problem by asking the posers and
a different pair of “solvers-evaluators” to solve the problem. By giving the
problem to a different pair of students we also aimed to identify its possible
ambiguities. As will be discussed later, we, as researchers, categorised the
problems by also considering the previous parts of the process.

Concerning the evaluation of the posed problems, it is related to the notion of
aptness that we mentioned before; particularly, we aimed to identify possible
success stories, which are cases “in which a posed problem is perceived by
somebody (e.g., the problem posers themselves or their peers or problem
solvers) as interesting, meaningful or surprising” (Koichu & Kontorovich, 2013,
p. 72). Our decision was to design a peer-to-peer evaluation within the session,
which included the solution and evaluation of the posed problems according to
a predetermined set of criteria: originality, difficulty and realistic character.
Originality refers to the degree of similarity of the problems with those usually
contained in textbooks; difficulty refers to the mathematical actions that are
expected by the solver to successfully solve the problem; the realistic character
refers to the degree of resemblance of the posed problem to an everyday
situation. There were two purposes for providing these criteria: firstly, we aimed
to assist the students on their evaluation, by narrowing the possible factors to be
considered (in the same line we provided a numerical scale from 1 to 5,
followed by space for comments); secondly, we were interested to observe how
the students would perceive these notions.

Another novelty of our approach was the possibility that was given to the posers
to study and reflect on their own problems and their peers’ solutions. This is also
related with the identification of success stories by the posers themselves, but
with a focus on the solver,
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Following Leung & Silver (1997) who, among other, investigated the
relationship between task format (particularly, whether it contained numerical
information) and success in problem solving we decided to offer two different
types of initial contexts (see Image 1 in the next section), one containing
numerical information and the second not. Additionally, we posed a question to
the students, on which of the two contexts was their favourite and why.

Participants and setting of the study

The participants of our study were twenty-two undergraduate students (18
female and four male) of the Department of Mathematics and Natural Sciences
in University of Rzeszow, in Poland. The students formed eleven working pairs,
with the colleague that was sitting next to them. All of them were at the third
year of their studies in mathematics with a specialization in teaching. These
students had attended courses in didactics of mathematics for the two previous
semesters. That group of students can be characterized as a mixed-ability group,
since it contained students with high as well as average or even low marks in
their studies. The authors of the paper were both present in the session (which
took place during a normal class period), and the second author was known to
the students from previous courses. All material was presented to the students in
Polish, with the exception of some initial theoretical comments which were
presented in English and translated into Polish. Part of that presentation
contained a description and examples of the revised Bloom’s taxonomy
(Anderson & Krathwohl, 2001), with a focus on the higher-order thinking
activities: analysing, evaluating and creating. That taxonomy was presented as
an aid for posing challenging problems and for evaluating the problems posed
by their colleagues. The session lasted two hours, and after the presentation of
some theoretical points, a warm-up activity took place, taken from Silver & Cai
(1996):

Write three different questions that can be answered from the information below.

Jerome, Elliot, and Arturo took turns driving home from a trip. Arturo drove 80

miles more than Elliot. Elliot drove twice as many miles as Jerome. Jerome drove
50 miles. (p. 525)

The students were then given the worksheet shown in Image 1. At the top of the
first page (shown on the left) the students were requested to fill in some
information concerning their age, sex and their marks in mathematics at the
GCE exam as well as their marks in their university course of didactics of
mathematics. Then we read the following:

Construct three problems that are related to the image below.

In the school garden the students of the 5th and 6th class have decided to plant
flowers in two flower beds.

In the 1st flower bed they planted roses, one every 2 metres.
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In the 2nd flower bed they planted oleanders, one every 3 metres.

The same instruction is written in the second page, which contains only an
image. Both pages contain a frame, in which the students are asked to put a
grade from 1 to 5 for the problems’ originality, level (of difficulty) and realistic
(character). At the bottom of the second page there is the question: Which of the
two contexts do you consider more adequate for constructing problems? Why?

+  Skonstruuj trzy problemy, ktére odnosz3 sie do ponizszego rysunku
1 Rokurodze - Ple¢ . Matura z matematyki rozszerzona: tak/nie Wynik: . e J] y{p = sy' asiecep o

o eny 2 dvd ktyki matematyki (dwa semestryl I T
2. Rokurodzenia: .. _ Matura z matematyki rozszerzona: tak/nie Wynik: ___ %l
o eny 2 dvd kityki matematyki (dwa semestryl: ., . ] I
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» Skonstruuj trzy problemy, ktére odnosza sie do ponizszej sytuacii € |

3, [l zvor winotou oxoteion o netes e £ v B Tang anopsoay | e
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mzmmmv vageua. e
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Ocena probleméw (skala 1-5)

Ktdre z dwdch kontekstow uwazasz jako bardziej adekwatne do konstrukcji
problemdw? Dlaczego?

Image 1. Worksheet given to the students (front and back page)

Thus, the problem posing situation can be characterised as semi-structured
(Stoyanova & Ellerton, 1996), since the students were provided with two
contexts. The students were asked to work in pairs in order to:

a) Create three problems for each context, which should be challenging for
the solver; we clarified this on the basis of higher-order activities that
should be expected by the solver.

b) Solve their problems in a separate piece of paper.

After this phase was completed, we collected the worksheets (without the
solutions) and handed them randomly to other pairs, the “evaluators™. Although
the number of students was small, it was not easy for them to know the poser of
the problems they had to solve. After the problems were solved for a second
time, we handed the worksheets with the second solutions to the initial posers,
and asked them to answer the questions: “Is your solution of your problem the
same with the solution of the other pair? If not why?”.
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Analytical scheme

Due to the variety of data that we collected and the diversity of our research
questions, our analysis was characterised by a variety of approaches. The 64
problems that were collected were firstly evaluated by the students and then
categorised by us. The students’ evaluation of their colleagues consisted mostly
of numerical data (since most students had merely put a grade without adding
any comments), thus we created some tables which provided us with a first view
on how students evaluated their colleagues’ problems. At the same time, we
performed a qualitative analysis of these evaluations: we looked into each
problem (together with its two solutions), solved it and tried to look for
consistencies across the students’ grades. For example, we examined the
problems that had the best grades in realistic character and tried to see whether
these problems could indeed be characterised as realistic. For the purpose of the
present paper we examined the problems concerning only the perceived level of
difficulty and the realistic character. In the next stage, our categories emerged
from the problems themselves and in order to construct them we have basically
considered the type of operations included in the provided solutions, but also in
our own solutions of the problems.

The solvability of the posed problems was not examined only in the sense of a
problem being solvable or not (Silver & Cai, 1996), but also on the degree of
agreement between the poser’s and a colleagues’ solutions. Moreover, the posers
were asked to comment on the cases of different solutions.

Finally, concerning the role of the context that served as the basis for the
problem, we collected the students’ answers on the question “Which of the two
contexts do you prefer and why?”.

RESULTS

All participants showed big willingness to participate in the activity, although,
for some of them the time provided was not enough (that is the reason why we
have collected 64 instead of 66 problems). From the total of 64 problems which
were posed, 55 were solved by the posers and 56 by the evaluators. For Context
1 (flower beds) the most of the problems posed contained questions on
quantities, e.g. “How many flowers...?” , “How long is the flower bed...?”,
“How much money...?”, “What is the area of...?”, etc. For Context 2 the most
striking feature of the problems posed was the clear distinction between “pure”
mathematical problems and “realistic” problems; in the first category the
problems referred merely to geometrical figures, while in the second category
there was a clear attempt on behalf of the posers to include some contextual
information that is supposedly related to reality.
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Students’ evaluation of their colleagues’ problems

Concerning the students’ evaluation of their colleagues’ problems, Table 1
summarises the numerical data that was collected; O stands for originality, L for
level of difficulty and R for realistic character. We have to note that the scale
provided was from 1 (poor) to 5 (excellent) for every factor.

Context 1: Flower bed Context 2: The map
Problem 1  |Problem 2 |Problem 3 |Problem 1 |Problem 2 |Problem 3 Average
@) L R|OI|ILIR O [LIR OIL R|OIL R |O|L |R
1 3 B3 4 14 414 |- |-]- 113 1213 |1 |- |- |- |2,75
2 1 111 2 213 4 45 514 5583 355 |3 1339
3 3 15 3 15 5 45 55 2|33 |3 2|3 |1 1328
4 2 3 15 2145 |45 32 3 1)1 |2 |32 |3 283
5 2 2 5 4 35 |3 |45 212 4 21 3 34 |2 (311
6 2 1512 213 4 43 |15 215 2 |52 |2 283
7 5 415 4 45 4 35 (312 555 |5 4|13 |5 422
8 2 2 5 (3 45 1 25 212 5 )21{2 |5 |1 |1 |5 300
9 5 5 515 55 5 55 311 4 3]1 |4 |3 14 |4 1400
10 35 35454 415 45535413 5 33 [3 |4 13 |4 |386
11 4 3 |4 |4 414 5 55 414 4 413 5 |55 |5 428
Context 1: Flower bed Context 2: The map
avg Originality |Level Realistic  |Originality |Level Realistic
" |13.52 3.23 4.34 3.09 2.97 3.44

Table 1. Students’ evaluation of their colleagues’ problems.

In the above table we may firstly observe that the students generally evaluated
their colleagues’ problems rather positively, since the total average of the 64
problems is 3.43. At the same time, we may see that only three pairs have a
score of 4.00 or over. Among these pairs, there are cases for which some of their
problems have received the best grade from their evaluators. Here are two
examples of problems that received the best grade in all three factors
(originality, level of difficulty and realistic character). The coding represents the
number of group (the letter G followed by a number from 1 to 11), the number
of context (1: flower beds, 2 map) followed by the number of problem (1 to 3).

G9 — 1.1: Students are planting flowers alternately (one row of roses and one row of
oleanders) in a flower bed with dimensions 14 m x 24 m. The distance between the
edges of the flower bed and the first row is equal to 2 m, the distance between the
rows is also 2 m. Calculate how many roses and oleanders they need to fill the
whole flower bed.

G11 - 2.3: This is a map in a scale 1:2000. It was decided to build a park on the
area C5:D6. What are the maximum dimensions it can have if its distance from the
path should be 5 m?
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The first problem was solved by both pairs by few simple calculations, although
the two solutions were different; in both cases though, the solutions were not
correct. Image 2 below shows the solution of the posers to their problem:
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Image 2. Posers’ solution of G9 — 1.1

We may note that the students by performing e.g. the division 24: 2 they ignored
two facts: first, the fact that there should be a distance of 2 m between the row
and the edge of the flower bed and second, the fact that if planting is done in
a different way than the one shown, the type of flowers in the first row affects
the total number of flowers needed. These considerations render that problem
a rather challenging one, although the students perceived it in a different way.

For the second problem there were two unsuccessful attempts for a solution by
the evaluators (the posers did not solve it), but the fact that they did not succeed
in solving it did not stop them from grading it with three 5’s and writing as
a comment that it is “a very creative task with a high level of difficulty; the
length of the square’s side was not given”. We regard this as a not so
challenging task, which requires by the solver only to make calculations by
using the given scale. Moreover, we assume that the use of scale might be the
reason for its high score.

The realistic character of the problems was the next factor that we analysed,;
what follows is a problem that received the best grade in that aspect:

G7 — 1.1: Kasia plants roses and Ula plants oleanders. We know that you can plant
one rose and one oleander in 45 seconds. In what distance from each other the girls
will be after one and half hour of work, if they plant in separate flower beds?

The posers solved the problem by using proportions and the evaluators by some
simple calculations. What both pairs failed to consider was the time needed for
the girls of the story to move from one flower to the other and the possible delay
because of fatigue. One might claim that both girls could take a break
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simultaneously, but we believe that the posers of the problem had not considered
such an option. Additionally, the problem received 5 points for its originality,
although it does resemble some “traditional” textbook problems which lack of
realistic considerations.

Our analysis of the students’ problems

In order to investigate the type of problems posed by the students we analysed
them according to their mathematical content, and eventually according to the
mathematical activities that were involved in the solutions of the posers, the
evaluators and our own. In the cases where there were discrepancies between
our solutions and the students’ ones, we chose to use our solutions for the
categorisation. This process has led us to the categories shown in Table 2. The
levels shown represent the type and the difficulty of mathematical activities
involved.

Level Context 1 Probl Context 2 Probl | Sums
ems ems
simple calculations, a counting , simple calculations
1 number of simple 16 based on the image, use of 4 20
calculations coordinates
calculations of the areas of manipulating areas of figures,
) figures, simple equations, 8 calculations of the areas and 14 22
proportions, percentages the perimeters of figures,
percentages, possible routes
Pythagorean Theorem, Pythagorean Theorem,
3 calculations involving 1 calculations involving scale, 5 6
multiples and common estimations
multiples
4 text interpretation, 3 text interpretation, 5 8
decision making regularities
open problems, open problems, considering
5 considering cases, 4 cases, justifying 4 8

justifying

Table 2. Problem categorisation.

Table 2 shows that half of the problems related to Context 1 were categorised in
the first level of difficulty, while for Context 2 there are only four problems. Our
calculations led to an average of 2.09 for Context 1 (compared to 3.23 in
students’ evaluation) and 2.72 for Context 2 (compared to 2.97 in students’
evaluation), thus generally the problems posed were not perceived as
challenging by us as they were by the students-evaluators.
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Concerning the levels that were established, the number of operations involved
in a solution was not considered by us as a factor that increases the level of
a problem (Silver & Cai, 1996). What is important to note is that there were
many cases when our perceived levels did not match students’ evaluation
concerning the level of difficulty:

G11 — 1.3: The class collected 100 PLN for buying flowers to be planted in the
flower beds. One rose costs 5 PLN and one oleander 5 times less. The students want
to plant two flower beds with a length of 40 m. Will the money collected be enough
for filling both flower beds?

G6 — 2.3: Is it possible to create a quadrilateral by connecting all elements of the
image? [the students refer to the blue figures]

The first problem received 5 points for its level of difficulty by its evaluators,
while according to us it belongs to the first level: it can be solved by few simple
calculations, thus it cannot qualify as a challenging problem.

The second problem received 2 points for its level of difficulty by its evaluators,
while according to us it belongs to the fifth level of difficulty. Its posers did not
solve it, while its evaluators wrote the answer: “Yes, you can create
a quadrilateral by connecting all elements of the image”. We assume that the
students answered by mentally making translations of the blue figures, without
considering some significant elements of these figures, e.g. their angles. We see
this task as involving an investigation of the relationships between the given
figures, considering possible cases and mostly, justification of one’s opinion.

Finally, there were cases in which even the posers did not grasp the potential of
their own problems, at least as it was demonstrated in their solutions. A
characteristic one was the following:

G5 — 1.3: We have 2 parallel flower beds (see the image). We plant the roses on the
first one and the oleanders on the second one. If we plant 167 roses then how many
oleanders will be parallel to the roses?

The posers solved their problem by performing a division, while the evaluators
considered two cases: the first was named “Parallel flower beds” and the second
“Parallel flowers”. While the first was solved by two operations, the second
contains the concepts of multiples and common multiples, as shown in Image 3:
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Image 3. Evaluators’ solution of G5 —1.3

At the bottom of the page we read that “the parallel flowers will be as many as
the common multiples of 2 and 3”.

Similarity of provided solutions

In a total of 47 problems that were solved by both the posers and the evaluators,
30 of them had the same solutions and 17 of them had different solutions. The
different solutions appeared for two main reasons: mistakes in calculations and
different interpretations of the problem, which were mostly due to lack of
precision in the formulation of the problem by the posers. However, there were
cases, like G5 — 1.3 mentioned before, where the evaluators saw the problem in
a deeper manner than its posers intended. A characteristic example of
misinterpretation due to lack of precision is the following:

G3 — 1.1: The students plant flowers on two flower beds. They plant violets every 2
m on the flower bed of dimensions 4 x 6 m and roses every 3 m on the flower bed
of dimensions 9 x 5 m. What is the maximum number of flowers they can plant?

The evaluators solved the problem in a simple way by performing few
calculations on their drawings. However, the posers in their solution have shown
that, e.g. the expression “they plant violets every 2 m” should be interpreted as
follows: the distance between each violet and all neighbouring flowers should be
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2 m. This interpretation renders the problem a quite challenging one, since the
solver is expected to devise a method to solve it (e.g. by drawing circles, which
was the posers’ suggestion).

Students’ preference of context

Seven pairs of students expressed their clear preference for Context 1 (flower
beds), three pairs favoured Context 2, and one pair (G2) wrote the following
answer:

We think that context 2 is more adequate for constructing problems. Context 1
contains a small amount of information and because of that you can add some more,
which makes the problem more attractive and helps creating an interesting problem.
But context 2 doesn’t impose anything and you can maximally use creativity in
constructing problems. In spite of that we like context 1 more.

Here are some more examples of the justifications provided by the students for
their preference for Context 1:

¢ Related to the real life, you can think up more things.

e It is more adequate for constructing problems because it is directly connected
to real life.

e |t is more adequate for constructing problems because the answers for the
questions require higher mathematical knowledge.

e It gives more possibilities to create problems.

Below are some examples of the justifications provided by the students for their
preference for Context 2:

e It doesn’t impose anything and you can be more creative in constructing the
problems.

e It is more adequate for constructing problems, better activates imagination.

e The situation required bigger creativity, you have to add some information
by yourself.

e |t was easier to situate it in real life.

Generally, although the majority of students favoured Context 1, the more
challenging problems were created for Context 2 (according to our
categorisation of the level of difficulty of the problems). Probably, the students
felt ‘safer’ with the “realistic” context but at the same time it somehow limited
their creativity, since many problems (especially at the first level of difficulty)
were similar to each other.

CONCLUSIONS

Our study has provided us with a rich set of data; but mainly what we have
witnessed was students’ willingness to participate in an activity which was
different that what they usually experienced in their university studies. The main
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characteristics of that activity were the focus on their own productions (posed
problems), the peer evaluation and the possibility for self-reflection on their
problems.

Indeed we have observed a great variety in the problems produced, especially
concerning their perceived level of difficulty and realistic character. In many
cases, students’ views of what constitutes a challenging and a realistic problem
were different than our views — and in some cases than their colleagues’ views.
We believe that this is not a surprising finding and it provides us, as teacher
educators, with some valuable insights into the students’ understandings.

The importance of verbal expression was another issue that came to the fore;
most differences in students’ solutions of the same problem could be explained
usually by the lack of important information or by improper wording. This fact
was noticed by some students when they received their colleagues’ solutions and
they realised that there was information missing from their problem.

The initial context that was used as a basis for the creation of problems seemed
to affect the process of creating problems, but not in a straightforward way; what
seems to emerge from our data is that the less “structured” situation (in the sense
of containing less information or, in other words, less conditions) has proven
more fruitful for our students’ problem posing.

Summing up, the preservice teachers that participated in the present study had
been given an opportunity to be engaged in an authentic mathematical activity
and our results have shown that such activities should be provided for all
teachers of mathematics.
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The article describes a research on the implementation of the French method
“Narratione de Recherche” in mathematical education on the secondary school
level in Poland. In this paper we examine if the secondary school students in
Poland are able to use the “Narratione de Recherche” method at all. If yes, we
pose another research questions: Is the usage of the method helpful for them
and what are its limitations? We formulate our conclusions regarding the
selection of tasks appropriate for this method and point out its advantages and
disadvantages. We conclude on the basis of the results that the method has
proved to be very helpful, especially if the problems given were difficult enough
for students. In particular, the method can be widely implemented for
underperforming students in mathematics. It makes such students feel contented
with the work independently done by them. The method turned to be a strong
motivating factor for them and it aroused their creativity.

MOTIVATION TO UNDERTAKE THE RESEARCH AND ITS
GENERAL OBJECTIVES

Developing the students’ mathematical activity and finding ways to encourage
them to keep undertaking an intellectual effort is still a current challenge for
didactics of mathematics. The guiding principle of education is the conscious
and active participation of a student in this process. What is more, that rule is
treated as an indispensable condition for the implementation of other principles.

Students who achieve worse results in learning mathematics are exposed to
failure not only because of their lack of knowledge and mathematical skills. The
reason of such a situation is rooted also in their emotions. Students who usually
do not succeed in learning mathematics are ashamed of their doubts not being
able to distinguish if they are elementary or rooted in the task complexity. They
are also afraid of making more mistakes and receiving more criticism by the
teacher, and they also want to avoid compromising themselves in the eyes of
their peers. It is worth of our care to help the students to overcome such
obstacles. For this purpose different methods of communication are established
to ensure the comfort of students. Apart from the various traditional methods,
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there are those which are using new technologies. One of them is e. g. a personal
response system (PRS, a voting system), which is designed to provide an
anonymous signaling difficulty in understanding the content (e. g. Blasiak,
Godlewska, Rosiek, Wecisto, 2012) or other tools to measure
psychophysiological data of responders like the eye-tracker (e. g. Btasiak,
Godlewska, Rosiek, Wcisto, 2013).

We approach the problem from another point of view. The aim of our research is
the verification of the effectiveness of Narratione de Recherche method, which
has been established on the basis of mathematics education in France. We want
to explore if the method may concur to develop students’ active and creative
attitude towards solving mathematical problems and to shape a positive attitude
towards mathematics as a school subject. The first research on Narratione de
Recherche method in Poland in the context of mathematics teaching was
undertook by Czernek — Dabrowska (2009). The description of the method can
be found for example in the article written by Bonafé et al. (2002)" and
Lubczanski (1991).

Our research is an attempt of implementation of that method in the conditions of
Polish mathematics education at secondary school. We have posed the following
general research questions: Are the Polish secondary school students able to use
the method of Narration de Recherche at all? If so, is this method useful for
them? What are the limitations of this method?

GENESIS OF THE NARRATIONE DE RECHERCHE METHOD (NDR)

In the late eighties of the last century the Research Group of Geometry Teaching
in Institut de Recherche sur I'Enseignement des Mathématiques (IREM) in
Montpellier, under the leadership of Gerard Audibert conducted research on new
ways of mathematics teaching. In July 1989, Arlette Chevalier on behalf of the
Group during the CIEAEM 41 meeting in Brussels presented a new model for
working with mathematical problems in classrooms, which has been tentatively
named Narratione de Recherche (we use the abbreviation NDR). The results of
French experiment were very encouraging for the Group. Pupils taking part in
the experiment showed active attitude toward solving mathematical problems
and they started achieving higher scores than the others.

The method has been adopted enthusiastically in France and began to be
regularly used by a number of teachers, mainly at secondary schools and on
university level, but also sometimes at the higher grades of primary school. The
method also became the topic of numerous publications and conferences on
mathematics education.

! We would like to thank a lot to Professor Maciej Klakla for the inspiration to undertake the research problem
and for the translation of the article Bonafé (2002) from French to Polish.
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THE ASSUMPTIONS AND OBJECTIVES OF NARRATIONE DE
RECHERCHE METHOD (NDR)

NDR is a method of student’s individual work on solving a mathematical
problem. It consists of the creation by a student written description, a detailed
report of his own thoughts, insights, conclusions and any activities that have
been taken by him or her while solving a problem. This method is a kind of
record of the mathematical activity undertaken by a solver.

The main objective of the NDR method is to give students a tool for
communication, a certain area of freedom, where they can comment on given
topics in a natural way, unlimited by mathematical language and restrictive
symbols.

In order to use the method students should be able to:

— ask themselves the right questions and conduct an internal monologue to
express in words the content, that would normally remain hidden regarded
as negligible, and which in fact may be crucial to discover the solution of
a problem;

—take a risk and initiate various mathematical activities, even being not
sure enough about their correctness;

— be guided by imagination and intuition, to put themselves in the role of
explorers;

— admit to their dilemmas and doubts, knowing that wandering is a natural
step in finding problem solutions and learning process.

THE ROLE OF THE TEACHER IN NARRATION DE RECHERCHE
(NDR) METHOD

Teachers who use the NDR method to teach mathematics should encourage
students to face the problems without fear nor discourage stemming from the
possibility of failure. In this method the role of a teacher is as a guide for
students in the process of learning mathematics. It is manifested through
convincing students to adopt an open attitude towards problems, to set
themselves a variety of questions related to the task and to approach
a mathematical problem in various ways, that may - but do not have to - lead to
its solution. Teacher’s role focuses on providing necessary clarifications and tips
to continue work and overcome obstacles.

ADVANTAGES OF NARRATION DE RECHERCHE (NDR) METHOD
ACCORDING TO ITS AUTHORS

The authors of the paper (Bonafé et al., 2002) formulated three main reasons
why NDR method is worth of introducing at mathematics classes.
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Stimulation of genuine mathematical activity of students

Students themselves should look for ways to solve a problem, verify them, be
able to create their own mathematics and have the opportunity to experience
a "glare™; this is what makes this method stimulating the mathematical activity.
A student leading an inner monologue is not limited to known algorithms,
because his/her own questions and doubts unexpectedly guide him/her on the
way for new solutions, new methods of dealing with problematic situations.
The student ceases to be impersonator, repeater of well-known schemes or
procedures but begins to define the way to get a solution. Besides bringing
the narration with himself or herself cannot remain passive, is not able to
"switch off", and therefore is forced to demonstrate an interest in solving
problem. This method requires student’s full involvement, concentration and
exploration of his/her own thoughts deeply enough, to capture fleeting thought
processes.

An additional factor stimulating the activity of the students in NDR method is
the use of a natural language, which helps to search for the solution of
a problem. Expressing of certain hypotheses loudly and intelligibly makes it
easier and understandable for students. In addition, the use of everyday language
helps them to bring together facts from the world of mathematics, and therefore
helps to create a clear image of the issue.

It is very important for the students’ process of discovering to not limit them to
mathematical formalism and symbolism and strict rules of deduction but to
allow them to express themselves spontaneously. The fact that students are not
distracted and have no pressure of correctly formulating their thoughts in
mathematical language definitely helps them to catch and write down more
proposals and observations. With this freedom of expression, the process of
exploration and discovering solutions becomes spontaneous and encourages
taking further effort on searching the answer to a problem.

According to Bonaf¢ et al. (2002) the NDR method helps:

— students to understand and experience by first hand what is a genuine
mathematical activity,

— to appreciate the phase of heuristic search for the solution to a problem
and the ability of detecting new facts and finding relationships between
them, and

—to shape a creative attitude towards mathematical problems like in
scientists — by experimenting, formulating hypotheses and verifying or
proving them.
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Individualization of work with a student

NDR method is inherently individualized, directed to the unique thought
processes of each student. Thus it is a method highly mobilizing to take his
intellectual effort in the process of problem solving. A student expresses his/her
thoughts and judgments by recording an inner monologue not as a reviewer and
rapporteur solving the problem, but as a searcher, creator and explorer. This
helps students to believe in their own abilities and encourages them to undertake
further mathematical challenges.

Provoking students reflective attitude towards problems

NDR is a method that requires students to think intensively, to draw conclusions
continuously, to be reflective all the time and to control their reasoning. It
requires a two-pronged process of thought.

Chronological recording, as opposed to synthetic research reports, obliges the
student, step by step, to think about their own thinking and to become an
observer of himself or herself.

(Bonafé et al., 2002)

On the one hand it is a very personal work model, in which a student is working
for himself, without any interference from others. On the other hand, it requires
the student to think about his/her approach to the problem, which means that
he/she has to be able to express the own findings to other people, to argue
his/her views, which demands continual monitoring and analyzing the work.

AIMS OF THE RESEARCH

The aim of our research is to answer the question: How NDR method could be
implemented in Polish mathematical education? We want to check how it can be
adopted by students, how they will apply it and what will be the results
delivered of using this method by Polish youth, which is taught from early
childhood education in a completely different way than the French youth.

Moreover, on the basis of the research we are going to answer the following

specific questions:

1. Is this method suitable and achievable for every student? Can this method be
used by students at different levels of mathematical knowledge and skills?

2. Can we use it to work with any kind of a mathematical task? Are there any
restrictions on using this method? What are its advantages and
disadvantages?

3. Is the method effective? Is NDR method going to be the authentic facilitation
for students, a help in solving mathematical problems?

4. What are the results of the implementation of that method in Poland? Does
NDR method have the potential to be used permanently in Polish schools?
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DESCRIPTION OF THE RESEARCH GROUP

The research group consisted of six students in the second grade of secondary
school (17-18 years old) attending the same class at a school in southern Poland.
The students were selected by the mathematics teacher. They had different
levels of knowledge and skills. The selected group consisted of:

- two students manifesting troubles in mathematics learning, having problems in
mastering of the knowledge and skills described by the minimum requirements
of curriculum at the second grade;

- two students of rather ordinary skills in mathematics, having no special
involvement during mathematical classes or activities, but not having major
difficulties in understanding mathematics;

- two students with mathematical aptitude, easily assimilating new content and
willingly deepening their knowledge by solving extracurricular problems.

Such differentiation was important in order to examine how the method was
adopted and what results it brought among students representing different levels
of knowledge and mathematical skills.

An additional lesson was run before the experiment in order to remind the study
participants the most important facts on stereometry. It was done to eliminate,
as far as possible, the discomfort of students.

RESEARCH DESIGN
Research was run in two complementary stages:

1. PRELIMINARY STAGE, in which pupils became familiar with the NDR
method both in practical and theoretical way,

2. MAIN STAGE, in which students solved individually problems using the
newly learned method.

This design of the research is illustrated in the following figure (see fig. 1).
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( THEORETICAL PART PRACTICAL PART
A lecture and a talk on:
- the theoretical description A common work An individual work

and historical background of
the ND'R methaod,

- hasic information on the aim
and design of the research.

with the use 1zt day — Problem 1

2nd day — Problem 2
of NDE method. 3rd day — Problem 3

\ PRELIMINARY STAGE MATIN STAGE

~ 4

Figure 1. The research design
Preliminary stage consisted of the two following parts:

- THEORETICAL, containing brief historical summary of NDR method and
presenting its basic assumptions. This step was aimed to present the method and
how it should be used by students. The second aim of this part was making clear
to the students what is the purpose of the study, what range of curriculum
requirements will be covered, in what timeframe it will be carried out and how
the results will be used,;

- PRACTICAL, in which a task was solved in common, by the participants, with
the use of NDR method. The idea was to check if the theoretical part was
understood by learners and to help them develop a model of work by using the
newly learned method, to inspire and prepare them for the main part of the
research. The students for the first time tried to write together a report of their
common mental activity.

REPORT AND THE ANALYSIS OF THE INITIAL STAGE OF
RESEARCH

Having familiarized students with the stages of the experiment, a brief historical
background and the most important assumptions of NDR method were
described. Students learned therefore what the method is and how to use it.
An important part of this step was to clarify to the students what is actually
expected of them. A particular accent was placed on honesty and courage to
describe their thoughts.

Talking to the youth the experimenter tried to convince them to express their
own thoughts and insights bravely, even if it meant admitting to erring or going
to dead ends. The experimenter tried to convince them to capture their thoughts
in a fullest way, even if they appeared just for a moment and were incorrect
from mathematical point of view. It was repeated as a mantra that every idea,
every product of mind is valuable, regardless of the correctness, and every
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mistake stands as an important research material, so under no circumstances
should be eliminated from their description.

There is no denying that the hardest part of this stage consisted in convincing the
group to stop thinking about errors as a failure. On the faces of all the
respondents was visible some kind of confusion; it seemed that even thinking
about such a description aroused their anxiety. This one aspect of the method
seemed very unnatural, since it was even contrary to the instinct of “self-
preservation” at school.

Two days later the practical part of the initial stage of research was carried out.
Prior to solving the problem we agreed that the handwritten notes of the
common activity will be placed on the blackboard, so that everyone could at any
time return to the previous notes. Once again, the experimenter asked the
participants to loudly speak out their thoughts and doubts.

The following Initial Problem was given to the whole group of participants:
Initial Problem

Four steel balls with a radius of 3 cm are melted down and shaped into a cylinder
with a base radius of 2 cm. Calculate the height of that solid.

The first struggle of students with the method was difficult. Below we present a
complete record of their formulations, as they were written on the blackboard,
which were an attempt of their own mathematical activity description. It is
rather a record of brainstorm, but it gave students the taste of what would be the
main part of the research, where they would have work independently.

- The first thing | see is that the three balls will have the same mass as the cylinder,
because it was created by melting.

- Here we have volume rather, and mass is probably not the same as volume -
although in our task it is probably the same.

- We have solids so surely we have to count area or volume.

- OK, so let’s settle what we know: we have three balls whose volume is the same
as the volume of the cylinder. Let's calculate how much it is, then we
should be able to calculate its height... (after a long moment staring
at the problem formulation) if there is not missing some data.

V=2l
3

v =23
3

Vzﬂ‘277r
3

V =36rx
- I don’t like this =!
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- It is rather not going to be a problem. Then it should be reduced and if not we
will approximate it by 3,14...

- Let’s go on... we have got already the volume of the cylinder — and now just an
equation and we have got the solution...

- Here we have “V” of one ball — this we have to multiply by 3

chlinder =3-V
chlinder =3-367
Vv =108

cylinder

- Ok! And now the height!

- Wait for a moment. We have an error here... We had four balls and not three...
the radius was 3

(an experimenter asked to not delete the improper calculations)
Vv =4.36x

cylinder
V =144r

cylinder

- We can calculate the volume by using the ordinary formula: V.., = #r*-h, and

because this is the same figure so we can compare it : ar®-h=144r

-We know the “ r” and the & will be reduced.

r=2

a’-h=144rx

7-4-h=144r |:.x

4-h=144 /.4

h=236
- And the answer: The height of the cylinder is equal to 36 cm.

The task was fairly easy for the students, so they formulated fake comments.
In case of doubt they preferred to gently pass by the issue to wait for its
clarification. It was seen that students were afraid to deduce specific requests.
When they made a mistake resulting from a careless reading of the tasks
formulation it could be noted that they glanced uncertainly at the experimenter.
At that moment the researcher reiterated the request to not delete any incorrect
writing.

They explained that it is such “a crevice on the glass” for them - nothing
significant, but very irritating and spoiling - in their opinion - the effect of the
resolved problem. Here we can observe the power of the habits and the impact
of education based on reproducing mechanical schemes, schemes finely
structured and faultless, duplicated according to formulas, lacking individuality
and creative activity, but safe and reliable.

This stage turned out to be difficult. Students learned that NDR method, which
at the previous meeting was perceived by them as a straightforward one, only
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seemed to be simple. For the first time they had to be faced not only with the
solution of the task, but also with the chronological organizing their thoughts
and their writing. They noted that its application requires a lot of involvement
and self-control.

The first impressions of the respondents just after the first use of the NDR
method, are well described by the words of one student:

..At a certain point | started to be afraid that thinking on thinking will make the
solution of the problem impossible. What is more, we worked together in the group!
| cannot see using it alone - | can feel that it will be very poorly ....

RESEARCH TOOLS OF THE MAIN STAGE OF THE RESEARCH

The research tools used in the research were selected to not to force respondents
to demonstrate complex knowledge, formulas and complicated mathematical
relationships. Their goal was to encourage them to mathematical activity, to
allow them focusing on the thought process. The necessity of remembering
formulas and complex facts could distract respondents from the main tenets of
the method, which is analyzing and recording the thought process. To prevent
students from this they received extra help — a list of stereometric formulas.

Below we present the formulation of the research tools used within the main
stage of the research.

Problem 1

On the adjacent plots Mr. Nowak and Mr. Kowalski have been building houses of
different shapes of roofs (see figure 2). Which of the men will have to purchase a
greater number of tiles to cover the roof of his newly built house?

8m ‘ e
v 8m .
‘ H 12
8m ‘ §m H
Mowns bunsamase :
22 ot e 2o R | | Sy L] A
v

PP < > 4
§m Sm

Mr. Nowak's house Mr. Kowalski's house

Figure 2. Shapes of houses built by Mr. Nowak and Mr. Kowalski (Problem 1)
Problem 2

a) How many oranges with a diameter of 6 cm need to be squeezed out to
completely fill 6 glasses in the shape of a cylinder with the juice? We know the
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internal dimensions of glasses: 8 cm of height and 5 cm of bottom diameter. We
assume that all oranges are ideally spherical, and their juice content is 60%.

b) How many wine glasses we can completely fill with the same
amount of juice, if the bowl has the shape of a cone having a base
diameter of 5 cm and the height three times greater than the height
of the cylinder?

Problem 3

From 1331 wooden cube blocks with the edge of 2 cm was composed a large cube.
The obtained solid was painted in blue, and then decomposed into single blocks
again. Calculate how many blocks were obtained, whose walls were not painted at
all.

The main stage of the research was held at the week following the initial part. It
was carried out at regular intervals, with a one-day break, namely on Monday,
Wednesday and Friday. Each day the students worked on one problem.

THE GENERAL RESULTS OF THE MAIN STAGE OF THE
RESEARCH AND ITS ANALYSIS

To be able to assess the correctness of the provided by students writings we
singled out for each problem the necessary steps to obtain a solution. We
decided for the correct answer of each step one point, and zero for wrong answer
or the lack of it. If a student at some stage made a mistake, but successive
operations performed correctly he or she was given 1 point from the further
stages. Following this criterion students’ writings were assessed from the
mathematical correctness point of view.

To better demonstrate the difficulty of the problems for students, we calculated
the easiness coefficient of each stage of solution for every task and for every
student. A size of the coefficients allows drawing conclusions about the
difficulties caused for examined students at the various stages. The easiness
coefficient of a task represents the number of points obtained by the respondents
divided by the number of points possible to obtain. We define the level of tasks’
difficulty using classification according to the Table 1.

The 0,00-0,19 /0,20-0,49 |0,50-0,69 |0,70-0,89 |0,90-1,00
easiness

coefficient | Very - Mildly Very
ofatask | difficult | POt giggeyry | EASY easy

Table 1: The easiness coefficient of a task.

The efficiency of Problem 1 was 64%, which means that the task was for
participants mildly difficult. Problem 2 proved to be for them a very simple task
with the easiness coefficient of 0,98, while Problem 3 efficiency was 10%,
which makes this in the category of very difficult tasks.
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CONCLUSIONS
NDR method versus problems selection

NDR method was not liked by all participants. The tasks proved to be too simple
for some students, too obvious. The application of the method is possible and
reasonable when the tasks to be solved are not trivial. Too simple problems do
not enforce a creative attitude; they only require imitation and involve the usage
of the already known procedures. The preparation of the report on the process of
reasoning in this case is practically not feasible. Browsing the students’ writings
we can conclude that they made many mistakes due to a misinterpretation of the
formulation of problems or drawings with the additional data. Therefore, we
believe that the level of prepared tasks was not too low.

NDR method versus mathematical skills

A very interesting relationship can be observed while analyzing the writings.
Namely the reports of the students who usually receive good and average results
in mathematics were less interesting in the context of the examined method than
the reports delivered by students of weaker skills. The talented students had
difficulty and resistance to the idea of the method. Admitting a mistake or
a spontaneous relation blocked them. After talking to the students we found out
that they felt fear. They were much worried of losing the image of a good
student who always achieves high results or, in other words, they felt that their
positive face was threatened (e.g. Tatsis, 2013). They did not understand that
searching for the solution of a problem is the most natural process of learning
mathematics, and there is no reason to be ashamed of being lost at this stage.

These students tried to put comments in the report containing unfortunately only
explanations "for us", only in order to satisfy our desire to know their way of
thinking. Thus their thought process has remained hidden for us. These students’
work was focused on the final score and not on revealing the activity process.
In their opinion they did not want to waste time and energy for unnecessary
activities, which did not give them measurable benefits i.e. points. They did not
take into account the fact that such a trial could provide them a hint and a long-
term profit.

The NDR method was much more effective for students who achieve the weaker
results in mathematics. They were much more open. We had an impression that
they did not care so much to keep some semblance. Without resistance they
confessed difficulties. Their statements were spontaneous. Their thoughts were
formulated straight-forwardly and not in beautifully arranged sentences,
sometimes they wrote a bit chaotically.

At the end of the research all students were asked to express their opinions on
the NDR method. Their views were rather favourable, but among students
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achieving good marks in mathematics a kind of reserve could be felt. Below we
cite examples of such statements:

| personally like this method but only when solving difficult problems. If | had an
extensively described command and a problem that requires thought and precise
calculations | would use this method. But it will be only for my comfort and to
facilitate resolving the task.

| think that this method takes a lot of time, but by the fact that you have to write
everything in details it is much easier for me to check the results or find a mistake.
The method is not complicated, and if only I had more time to solve a problem
| would use it.

Opinions of students were divided to the question of whether they are going to
apply the method while solving problems in the future. The more talented
students argued that will try, only when the problem is really difficult. Their
declarations were not entirely convincing - it seemed that they were rather polite
and not willing to use that method again.

Instead the students who usually manifest troubles in mathematics learning were
very enthusiastic about the NDR method. During the talks they said for
example: | felt very well not giving back an empty worksheet. They felt
satisfaction with the effort done, and the written down report was the evidence
that the thought process really took place in their minds. This was a motivating
factor for them. As they claimed: since this way is a dead-end | will look for
another one. By saving their thoughts they sometimes unexpectedly dropped in
ever newer ideas.

They claimed that by working in a traditional way they would not have even
started solving such a problem. But by using this method, without feeling the
pressure of obtaining the solution causes that they not only started solving the
problem but also started, surprisingly for them, noticing things that could be
helpful. This experience has allowed them to draw the conclusion like that the
following:

... I will come back to this method, because as | somehow hit on an idea maybe it
allows me to get some points. And if not then at least | will gain satisfaction from
the fact that | tried.

These students enthusiastically assured that will use this method as much as
possible in the future. The confirmation of what may be the following
statements:

I noticed that by analyzing and writing the contents of the task, step by step,
| began understand something of it. For sure I'll use this method!

In my opinion, this is a very facilitating method. By using it you can quickly
understand the issue. When you itemize everything by yourself you can get a better
view of what to do. The only downside is that you need to write a lot and during
exams there is always not enough time. But surely | will yet go back to it.
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Advantages of NDR method
On the basis of our research it can be concluded that the NDR method:

— conduces to developing an open attitude of the learner, open to discovery,
to search for solutions,

— induces and develops a creative attitude of students towards mathematical
problems,

— incentives to take efforts, attempts to solve, eliminates to some extent the
discouragement before solving a difficult problem, which can be at the
first glance not enough understandable and whose solution requires an
atypical approach,

— organizes thoughts, allows to return to the previous considerations, thus
avoiding ineffective duplication of proceeding and wandering over and
over the same paths.

Disadvantages of NDR method

The research has shown that NDR method, as each teaching method, has
disadvantages, which include:

— very extensive descriptions,
— a huge time-consuming,

— the need for increased concentration, necessity to be able to note at least
selected thoughts, though capturing the majority of them is, de facto,
impossible,

— metacognitive shift, i. e. the need to continually redirect attention from the
mathematical problem to your own thinking process and to control
writing.

SUMMARY

The research has shown that the NDR method can be and should be used in
Polish schools, as a complementary teaching and learning method. It allows
developing students’ creative attitude towards mathematical problems, raises
their motivation for learning and animates imagination. The appropriate
selection of active teaching methods, such as the NDR, provides a valuable aid
for mathematics teachers. The NDR method is particularly helpful in the work
with students achieving weaker educational outcomes and for everybody but
working only with suitably challenging and problematic tasks.



K-CHILDREN PLAYING TANGRAM IN TWO
ENVIRONMENTS: A TOOL FOR LEARNING SHAPES

Huda Shayeb, Michal Tabach
Al-Qasemi College Of Education, Tel Aviv University

The issue of early childhood mathematics has recently come to the fore, together
with the importance of teaching geometrical concepts and reasoning from a
young age. This paper explores how an intervention using a tangram-based
puzzle game in technological and tangible environments affects children’s
concepts of triangles. The results suggest that in general tangrams can be used
as a tool for learning geometry. Children can form different geometrical shapes
using tangram pieces. Moreover, playing in collaboration with a knowledgeable
adult may promote the level of children's geometrical thinking (Van Hiele
levels).

INTRODUCTION

Over the last decade interest in mathematics education for preschool children
has grown. This is evidenced by governmental efforts to introduce a curriculum
for young children (e.g., EYFS, 2008). In addition, the mathematics education
research community has become involved in research efforts geared at this
specific age group (e.g., the POME? conference and the 2013 special issue
edited by Krummheuer). In the US, for example, the National Association for
the Education of Young Children (NAEYC) and the National Council of
Teachers of Mathematics (NCTM) jointly published a position statement
advocating “high quality, challenging, and accessible mathematics education for
3- to 6-year-old children” (NAEYC & NCTM, 2002, p.1). This statement
affirms that high-quality, challenging, and accessible mathematics education for
preschool children is a vital foundation for future school success (NAEYC &
NCTM, 2002). The curriculum focal points for preschool mathematics in the US
specifically mention that children should be able to identify and describe
a variety of shapes presented in a variety of ways and to use geometrical
concepts (NCTM, 2000). Since then, many national, state, and local
organizations in the US have embraced this new vision. The Practice Guidance
for the Early Years Foundation Stage framework in England suggests ways
of fostering mathematical knowledge among children aged 0-5 years. This
framework aims at providing useful advice and detailed information to support

2 http://cermat.org/poem2012/
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children’s learning and development and examines how to implement the
learning and development requirements in more detail (EYFS, 2008).

In the mandatory mathematics curriculum for pre-school children issued by the
Israeli Ministry of Education, geometry is one of three major knowledge
domains for kindergarten children (Israel National Mathematics Preschool
Curriculum, INMPC, 2008). This preschool mathematics curriculum explicitly
refers to the ability to identify shapes (for example, triangles). The curriculum
suggests that in order to develop children's mathematical understanding and
thinking skills, one should ask the children to explain their actions. These
explanations enable children to justify their actions and at the same time allow
the teacher to better understand what the children meant.

Thus, in this study we examine how kindergarten children learn about triangles
in two environments by means of a tangram-based puzzle game. We focus on
preschool children between the ages of 3 and 5. The main question we ask is: To
what extent can a tangram-based puzzle game promote geometrical thinking
among k-children?

THEORETICAL BACKGROUND

In this section we outline the theoretical framework underlying this study. First,
we describe the Israeli mathematics curriculum for pre-school children, which is
built upon Vygotsky’s theory. Next, we refer to the Van Hiele (1986) model of
children's geometrical thinking. Finally, we survey some studies carried out with
this age group.

Learning according to Vygotsky’s theory

In Israel, the Ministry of Education issued a mandatory mathematics curriculum
for pre-school kindergartens (2008). This curriculum is explicitly based on
Vygotsky’s theory (1978). A major theme in Vygotsky's theoretical framework
is that social interaction plays a fundamental role in the development of
cognition. Vygotsky (1978) states: "Every function in the child's cultural
development appears twice: first, on the social level, and later, on the individual
level; first, between people (interpsychological) and then inside the child
(intrapsychological). This applies equally to voluntary attention, to logical
memory, and to the formation of concepts. All the higher functions originate as
actual relationships between individuals" (p. 57). According to Vygotsky’s
theory, the social environment is important and the role of the adult is to help
children tackle challenges that are just a bit beyond what they could accomplish
alone. That is, while working with an adult, children are working in what
Vygotsky termed the zone of proximal development. Hence children are given an
opportunity to perform at levels they cannot achieve on their own.
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Levels of Geometrical Thinking

Understanding how children's geometrical thinking develops is essential for the
effective teaching of geometry, which is a major branch of mathematics. One of
the most important studies of children's geometrical thinking was conducted by
Van Hiele (1986). Van Hiele (1986) proposed a five-level model describing
levels of geometrical thinking in geometry. These hierarchical levels are the
product of experience and instruction: visualization, analysis, informal
deduction, formal deduction, and rigor. On the first (visual) level, learners
visually recognize shapes and figures by their global appearance. For example,
learners recognize triangles by their shape, but they do not explicitly identify the
properties of these figures. At the second (analysis) level, learners start
analyzing the properties of figures and learn the appropriate technical
terminology for describing them, but they do not interrelate figures or properties
of figures. (For example, a triangle is a figure with three sides, but the child may
not relate this to the property of having three vertices.) At the third (informal
deduction) level, learners can identify relationships between classes of figures
and discover properties of classes of figures by simple logical deduction. (For
example, a square is considered a rectangle because it has all the properties of
a rectangle.) The other two levels are beyond the scope of this study.

Clements, Sarama and DiBiase (2004) proposed a different hierarchical model
for geometrical thinking with the following levels: pre-recognition, visual and
analysis. It should be noted that the first and second levels in the model
proposed by Clements et al. are included in the first level defined by Van Hiele,
which is a visualization level.

Research on k-children's concept of triangles

Young children's conceptions of shapes have become the focus of attention in
several countries. Maier and Benz (2012), for example, compared the abilities
of 6-year-old English and German children to name shapes correctly. They
found that at the beginning of first grade 60% of the English children were able
to use the accepted geometric terms for two-dimensional shapes and explain
their reasoning formally. Their German peers did not use these names and
explained their reasoning informally. These differences were explained by the
children's experience. Sinclair and Moss (2012) studied a class of 22 children
ranging in age from 4 to 5. A dynamic geometry environment that included a
teacher's computer and a data projector was used to discuss the following
question: what is a triangle? The researchers found that the environment's
dragging mode enabled the children to advance their thinking regarding
triangles, as can be deduced from analyzing the transcript of the whole-class
discussion. These are only two examples of recent research efforts in the domain
of shape identification and geometrical reasoning.
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METHOD
Participants and procedure

The research participants comprised 23 kindergarten children aged three to five.
All were native Arabic speakers living in the center of the country. The study
took place at an early childhood academic community center.® The parents and
the children gave their consent to participate in the study.

The research design included two intervention groups and two control groups.
All the participants underwent pre- and post-intervention interviews, each 15
minutes in duration. In addition, children from the intervention groups
underwent three semi-structured interviews of 15 minutes each. One
intervention group and one control group were interviewed in a computerized
environment, while the other two groups were interviewed in a tangible
environment (see Table 1). All the interviews with all the children were
videotaped and transcribed.

Group Computerized Computerized  Tangible Tangible

Intervention Control Intervention Control
Pre-interview + + + +
(15 min.)
Semi-structured Tangram -- Tangram --
interview game game
(15 min.)
Post-interview + + + +
(15 min.)
Table 1: Research procedure
Tools

The pre- and post-intervention interviews included the same three tasks.
The first task involved sorting shapes into examples and non-examples of
triangles. The researcher asked each child to put the triangles on one side and
the other shapes on the other side. This task included 16 shapes (Figure 1),
chosen to provide a range of intuitive and non-intuitive examples and non-
examples of triangles (Levenson, Tsamir, & Tirosh, 2008). After the child
indicated a particular shape as an example or non-example of a triangle,
the interviewer asked: How do you know that this shape is a triangle (or not
a triangle)?

% Website Center: http://bidayat.gsm.ac.il/English/Default.aspx
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In the second task the child was asked to complete a house-shaped puzzle using
given shapes. The researcher asked the child to try and cover the house-shaped
puzzle in different ways by using different shapes. This task had three different
solutions. The third task involved completing a parallelogram-shaped puzzle
using given shapes. As in the second task, the researcher asked the child to try to
cover the parallelogram-shaped puzzle in different ways by using different
shapes. This task had four different solutions.

The semi-structured interviews took place during the tangram-based puzzle
game.

A tangram is a well-known Chinese puzzle that consists of seven geometric

shapes, called tans: a square, a

] ) Triangle Examples Non-examples
parallelogram, and five right- Intuit?ve D >
angle triangles - two big
ones, a medium-sized one, and
two small ones. The tans can
be fit together in various ways Nonointwitive

to form polygons or a variety
of figures, such as birds and
animals. The children were
given a series of figures and
the tans and were asked to use

the tans to assemble puzzles in Figure 1: Shapes presented for the first task

computerized or tangible environments. While the child played, the interviewer
mediated the child's actions by discussing the names of the figures and their
properties.

Data analysis

For the first task, shape identification during the pre- and post- intervention
interviews was coded as either correct or incorrect. In addition, the children's
answers regarding their reasoning were analyzed to identify which of the Van
Hiele levels this reasoning reflected. For example, utterances such as "because it
looks like a triangle™ were categorized as first level, while utterances such as "it
has three sides" were categorized as second level. For the second and third
interview tasks, coding involved counting the number of solutions for each
puzzle.

FINDINGS

In this section we describe the results of the pre- and post-interviews. We begin
by presenting the overall results for all of the groups. After that we describe
certain results for one child from the computerized intervention environment as
an illustrative case study.
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Results of pre- and post- intervention interviews

The analysis reveals two major findings regarding the differences in children's
answers between the pre- and post-intervention interviews. First, among the
children in the intervention groups a change occurred in their identification of
the triangles and in their reasoning about them (based on Van Hiele levels), as
compared to their peers. Second, the results were similar for all the interventions
groups. Both intervention groups achieved progress, but it is not possible to
determine the significance of this progress due to the small sample.

Table 2 depicts the children's identification of examples and non-examples of
triangles in the first pre-intervention task. Almost all the children correctly
identified the triangles. For all the groups, identifying intuitive figures was
indeed more successful than identifying non-intuitive figures. Yet when the
researcher asked the children: "How do you know that this shape is a triangle?"
a typical answer was: "l see it." Such an answer was identified as being on the
first Van Hiele level - the visualization level. On the second task, only seven
children were not able to provide any solution to the house-shaped puzzle, while
the others provided at least one solution. The third task was more complex, as 13
children were not able to find a solution for it.

Tangible  Tangible  Computerized Computerized

Control Intervention Control Intervention
N=7 N=4 N=4 N=8
Intuitive M=100 M=100 M=100 M=75
Triangles  Non- M=843  M=946 M=87.5 M=73.4
intuitive
Non- Intuitive M=100 M=100 M=75 M=79.3
triangles
Non- M=75 M=71.4 M=62.5 M=56.5
intuitive

Table 2: Means for correct identification of shapes (first task in pre- interview)

During the post-intervention interview, children from the two intervention
groups changed their reasoning regarding shape identification (the first task).
This time, a typical reason given for identifying a triangle was that it has three
vertices and three straight lines, or that it has three vertices and three sides. This
reasoning was identified as the second Van Hiele level — the analysis level.
Children from the two other groups did not exhibit such a change in reasoning.
In addition, we observed a change in correct identification of shapes compared
with the pre-intervention interview results (see Table 3).

Tangible  Tangible  Computerized Computerized
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Control Intervention Control Intervention
N=7* N=4 N=4 N=8
General score pre- 89 93.7 84.3 72.2
intervention
General score post- 95.3 97.3 78.1 90.62

intervention

Table 3: Correct identification of triangles on the first task, pre- and post- interviews.
* One child asked to stop playing and we of course respected his request.

During the post-intervention interview, most of the children in the intervention
groups completed the puzzles in the second and third tasks in three different
ways, forming three solutions (see Tables 4-5). A similar finding was not
observed among the children in the control groups.

Tangible Computerized
Number of Control Intervention Control Intervention
solutions N=4 N=7 N=4 N=8
% No. % No. %  No. % No.
Zero 50 2 0 25 1 0
One 0 0 0 0 0 0 0
Two 25 1 0 50 2 0
Three 25 1 100 7 25 1 100 8
Table 4: Correct house-shaped puzzle solutions for post- interview
Tangible Computerized
Number of Control Intervention Control Intervention
solutions N=4 N=7 N=4 N=8
% No. % No. %  No. %  No.
Zero 100 4 0 0 75 3 0 0
One 0 14.2 1 0 0 12.5 1
Two 0 0 0 0 25 1 0 0
Three 0 0 85.7 6 0 0 87.5 7

Table 5: Correct parallelogram-shaped puzzle solutions for post- interview

Clearly, three short interventions of 15 minutes each had an impact on the
children's solutions and on their reasoning. To understand this change in the
level of children's thinking according to the framework proposed by Van Hiele,
we now qualitatively examine the recorded dialogue between the researcher and
one of the children.
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The case of Eli:

Eli is a 4-year-old boy. We chose to focus on his discussion with the researcher
because his performance differed considerably between the pre- and post-
intervention interviews. Also, he was one of the more fluent children,
a somewhat unique characteristic in this age group. Episode 1 is a typical
interaction during the pre-intervention interview.

Interviewer: What is special about all the shapes that you put on the left?
Eli: They are all triangles.

Interviewer: Why are they triangles?

Eli: (Does not answer.)

Episode 1: Eli and the researcher in the pre-interview session
After the pre-intervention interview, Eli and the researcher met for three
separate semi-structured interviews in which the researcher mediated the
learning experience while Eli solved a tangram-based puzzle game in
a computerized environment. The researcher explained the properties of
a triangle to Eli, as can be seen in Episode 2.

Interviewer: How do you know that this shape is a triangle?

Eli: According to its color. It is colored red.

Interviewer: Are triangles only red shapes?

Eli: No, this is a triangle, and this is a triangle (pointing to others
triangles in the puzzle).

Interviewer: Right. But | want to tell you a secret about triangles. We call it
a triangle because it has three sides. Triangle means three. Three
vertices. This is the first, and this is the second, and this is the third.
One, two, and three (points to each of the vertex points). Please point
to the vertices of the triangle.

Eli: This, and this, and this (points with his hand to the vertices of the red
triangle).

Interviewer: In addition, a triangle has three sides. This is the first side, and this is
the second side, and this is the third side. One, two, three. Please
point to the three sides of the triangle.

Eli: This is one, and this is one, and this is one (pointing with his hand to
the sides of the triangle sides).

Interviewer: Now let's look at another triangle. Let’s take the green triangle.
Please point to the vertices and the sides.

Eli: One, two, and three (pointing to the vertices).

Interviewer: And where are the sides?

Eli: This and this and this.

Interviewer: And how many sides does a triangle have altogether?

Eli:

One, two, and three.
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Interviewer: Correct. Three vertices and three sides. And so this shape is called
a triangle because it has three sides and three vertices.

Episode 2: Eli and the researcher in the first semi-structured interview

The following short discussion from the third semi-structured interview
demonstrates the change in Eli's geometrical thinking. The next puzzle (Figure
2) is composed of four small triangles, two squares, and a large triangle. Eli
assembled two small triangles and two squares in the right places. The following
discussion (Episode 3) then took place between Eli and the researcher.

Eli continues to assemble the puzzle, and solves it by finding the vertices and
sometimes by finding the sides of the shapes. At times he turns the shapes
around or straightens them in order to fit into the puzzle, until he finishes
assembling the puzzle.

Interviewer: How did you locate the place of the triangle in the puzzle?
Eli: According to its sides.

Interviewer: And what else does a triangle have?

Eli: Three vertices.

Episode 3: Eli and the researcher discussing Fig. 2

Figure 2: Puzzle No. 14

DISCUSSION

The aim of this study was to determine how an intervention affects the way in
which kindergarten children learn about triangles in technological and tangible
environments through the use of a tangram-based puzzle game. In general, we
found that the way kindergarten children learn about triangles in the two
environments was similar. Nevertheless, a marked difference was noted among
the children in the intervention group between their pre-intervention interview
and post- intervention interview reasoning in identifying triangles.

When it came to identifying examples and non-examples of triangles during
the pre-intervention interviews, the identification of children from all the groups
was relatively good. Yet their explanations of the identifications reflected Van
Hiele's first thinking level — the visualization level. This identification was
followed by three mediated learning interviews (Feuerstein, Klein &
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Tannenbaum, 1999) that included playing with tans to assemble puzzles, along
with discussion between the researcher and the child using mathematical
language. In the post-intervention interviews, all the children from the two
intervention groups (computerized and tangible) were able to justify their
identification of examples and non-examples of triangles. The justifications
reflected a shift in the children's geometrical thinking to the second Van Hiele
level (1986). Such a change was not observed among the children in the control
groups.

We believe that the change seen among the children in the intervention groups
can be explained by their semi-structured interviews with the researcher. During
the interviews, the interviewer exposed the child to the correct mathematical
language describing the properties of a triangle. She also asked the children to
explain their actions. In so doing, she gave the children an opportunity to
explicitly express their reasoning. This type of explanation allowed the
researcher to evaluate the children's level of thinking about triangles. She
encouraged the children to think about the properties of the shapes. By doing so,
she collaborated with the children in their zone of proximal development
(Vygotsky, 1978).

The K-teacher is the adult responsible for children's development in general and
for their mathematical thinking in particular. By providing similar 45 minute
experiences and mediation to k-children, she can promote their level of
geometrical thinking. Also, by pointing to a variety of examples and non-
examples of triangles (Levenson, Tsamir, & Tirosh, 2008), the k-teacher can
broaden children's concepts of triangles.

The researchers recommend conducting a larger-scale research study using a
tangram-based puzzle game to investigate the effect of different environments
on the development of kindergarten children's thinking. It is also recommended
that kindergarten teachers receive some training in this domain.
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The research contains a description and systematization of the most typical
mistakes in representing facts and methods of the probability theory and
statistics with examples of such mistakes taken from teachers’ publications,
lesson materials for Moscow schools, and experience of vocational training for
math teachers in the MCCME and Moscow Institute of Open Education from
2005. In addition we provide examples from similar courses in USA and Japan
based on conferences and research made by APEC in the area of mathematical
education and training of teachers of mathematics in 2011-2013.

INTRODUCTION

In Russia the probability theory and statistics are gradually included into school
curriculums since 2004 with accordance to the educational standard. Since 2012
problems on the probability theory and statistics are included into the unified
state exam. Chapters on the probability theory appear as attachments to
mathematical textbooks since 2002. The first regular textbook for 7-9 grades
was published in 2004, and for high schools in 2014. Since 2005 regular
retraining of math teachers on the subject “The probability theory and statistics™
takes place. During last years a vast experience of training is accumulated, and
beside evident progress one also can see tendencies of mistakes in perception of
probability concepts by math teachers, who then transmit wrong understanding
to students, slowing growth of the probabilistic culture of the population.

The aim of this research is to determine and systemize typical mistakes that
happen in the process of teaching the probability theory and statistics in school.
The research is based on studying publications of math teachers, learning
materials used in classrooms in schools, and experience obtained during
vocational training and retraining of teachers in the Moscow Centre for
Continuous Mathematical Education and the Moscow Institute for Open
Education since 2005. The paper contains descriptions of the most typical
mistakes with examples. Besides we provide examples from similar practices in
USA taken from APEC materials and surveys in the area of mathematical
education and preparation of teachers of mathematics in 2011-2013.
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Our research results in outlining and systematizing the most common
misconceptions.

e Not understanding the nature of impossible and certain events as subsets
of a random experiment; mixing of events in common and formal sense.

e Overestimating the role of combinatorial calculus.

e Poor understanding of probabilistic background for construction of
forecasts and forecast intervals. Mechanistic approach to usage of
characteristics of random phenomena.

e Lack of understanding of significance of the probability theory in
applications to quantitative design tasks in mass consumption services,
security, economics and social events.

e Non critical use of algorithms that does not consider specific properties of
data, goal of research and character of obtained results.

The second goal of our research is to develop approaches for teacher preparation
in the area of the probability theory and statistics that take into account the
found misconceptions. This will help to overcome difficulties in the
interpretation of probabilistic methods in the daily work of a teacher.

THE PLACE OF PROBABILITY AND STATISTICS IN THE SYSTEM
OF MATHEMATICAL KNOWLEGE OF SCHOOL STUDENTS

We often hear from mathematicians that the probability theory and statistics are
too difficult, and therefore should not be included in school curriculums. This
opinion grows out of complications that follow studying the probability theory
in universities, which traditionally is deductive and based on combinatorics and
wide knowledge of calculus. A mechanistic approach to the probability theory is
typical for many generations of our tertiary education. In fact, combinatorics and
calculus are not directly related to base ideas of statistics and the probability.
They are just a way to enumerate elements of vast probabilistic spaces and prove
theorems. The probability theory is secondary. Experience and intuition are
primary, and no theory is useful without them. One should meaningfully
consider chances of events, especially unlikely ones that play significant role in
daily life.

The problem is that events are less obvious than figures or numbers, while
concepts of chance and volatility are not as intuitive as length, area or volume.
An event and its chances make special types of imaginary objects and their
formalization into mathematical notions is much more complex than
formalization of a picture (transition to geometry) or quantity (to arithmetic or
algebra).
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The second problem is that the majority of children until a certain age are alien
to the concept of volatility and instability of events. At what age a child is ready
to perceive changeable models and which models should they be, is still to
discover. In the Soviet period the science of the laws of cognitive activity was
destroyed [P1991]. Its place was taken by the paradigm of “a clear sheet of
paper”. But if in the early childhood the rejection of variability possibly serves
as a defensive mechanism which simplifies adaptation to social and natural
conditions minimizing the number of necessary rules of behavior, then later an
absence of general ideas of randomness and volatility start to hinder in life.
Formal study of statistics in adulthood does not improve this situation
(Kakihana,Watanabe, 2013).

Because of all that, the conceptual distortions of perception of stochastic events
are common for grown-ups as well as for school children. Trying to conserve a
rigorous algorithmic approach and simplicity of teaching, teachers create
mistakes and whole incorrect concepts while teaching probability and statistics.

Since 2003 the international assessment research PISA includes questions that
check knowledge of probability and statistics. According to the data published
by the Centre of Assessment of Quality of Teaching (www.centeroko.ru),
Russian school students showed low results on this section (Kovaleva, 2007).

In Makarov, A.A., Tyurin, Y.N., Vysotsky, I.R., & Yaschenko, I.V. (2009),
Vysotsky, I.R., & Yaschenko, 1.V. (2014) authors note that school education in
Russia traditionally is aimed at developing ideas about rigid connections
between events of the surrounding world. As it goes, the school mathematics
remains a conservative subject. On the contrary, statistics and probability can
provide clear applications of mathematics to changing events of a day. The goal
of scientists, trainers and teachers is not to abandon statistics and probability, but
to free them from redundant technical layers and create a coherent school
subject. The first thing to take care of is to make basic concepts of probability
and statistics clear and familiar to math teachers who have difficulties in
transition from teaching abstract facts of math to application of mathematical
concepts and laws to solving practical problems.

Complications that arise in teaching statistics and probability theory are
common not only for Russia. In many countries (USA, Great Britain,
Switzerland, South Korea, Japan etc.) where statistics and the probability theory
stay in school curriculums for long time, misunderstanding of methods and
misinterpretation of facts often happen (Isoda M., Gonzales O., 2012).

All said above motivated us to research the accumulated experience with the aim
to determine the most common misconceptions and mistakes in teaching of
probability and statistics. Below we analyze them and suggest applicable
methodological solutions of appearing problems.


http://www.centeroko.ru/

Typical mistakes made in a classroom while teaching probability and statistics 193

ANALYSIS OF TYPICAL MISTAKES AND MISCONCEPTIONS
1. Impossible, certain and random events.

Usually a random event is treated as an event that may or may not happen as an
outcome of some experiment. It creates a false opposition between random
events and impossible and certain events. Below see a typical example from a
textbook.

Determine which events are certain, which are impossible and which are random:
A. During next year there will be snow in Moscow.

B. A football game between two teams will end as a dead heat.

C. You will receive a talking crocodile as a birthday present.

D. There will be a math midterm tomorrow.

E. On February 30th it will be raining.

First, here is a terminological mistake: random events are considered as opposite
to impossible or certain. This approach will lead us into a serious trouble when a
union or an intersection of two random events may be a not random event.

Example. When tossing a coin, events A={Head} and B ={Tail} certainly are
random, but their union is certain, while their intersection is impossible.

Second, statements A-D are not related to any random experiment, but are
“common events”. Such approach is destructive for further formalization of
random events. Therefore the second mistake is mixing notions of “events” in
usual sense and of random events from a random experiment.

In a random experiment a set of elementary events must be determined. All
subsets of this set are random events. Among them there are certain and
impossible events. The certain event consists of all elementary events of the
experiment, therefore it will happen for sure and has probability 1. But it does
not cease being random because of this. The impossible event does not contain
elementary events at all. It is an empty set. It will not happen for sure and has
probability 0. But it still is random. There also exist events with undetermined
probability. One can call them uncertain, or leave them without a special name.

We can somehow reformulate events A and B from the list above, and we rather
not speak about statements C, D, and E, because C and D require determining
too many conditions of the experiment. The probability of the event E cannot be
found, because E corresponds to an impossible experiment.

2. What if a coin falls at its edge?

Answering an old student joke “And what if a coin falls on its edge?” teachers
often enter long and fruitless discussions. Here a misunderstanding appears
again. In fact, the coin does not fall on its edge. The reason is not that “we do
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not consider” such possibility, there is nothing we can consider or not consider:
the outcome “Edge” is not contained in the experiment. What to say to a
student? In the experiment “A toss of a coin” the situation “Edge” is not an
event at all. By definition, the experiment “A toss of a coin” contains exactly
two elementary outcomes: “Head” and “Tail”, and there are no other elementary
outcomes. Uniting two possible outcomes, it is not possible to obtain the event
“Edge”. Therefore the coin will not fall on its edge, will not stay hanging in the
air and will not roll into a floor crack.

In real life, when we toss a coin, we model a random experiment using available
tools. A real coin can roll under the skirting, and in this case we must admit that
our model of a random experiment failed and toss the coin one more time.

3. Why do people need the probability theory?

Especially, why do students need it? The usual answer to this question is:
“probabilistic and statistical methods nowadays deeply permeated into
applications: they are used in physics, engineering, economics, biology and
medicine. Their role especially increased with development of computers”. This
Is a very good observation.

How to tell the truth in a not very complicated way? Recall the problem about
gloves.

A drawer contains 20 left gloves and 20 right gloves. How many gloves one needs
to take out of the drawer not looking into it in order to be certainly able to make a
pair of gloves?

Deterministic mathematics claims that to take out 21 gloves is certainly enough.
This is right, but...what will the probability theory say? After taking out one
glove, the probability of taking out four more gloves for the same hand is

1918 17,16 0.047

39 38 37 36

So the probability to obtain a pair when we randomly take out five gloves is
0.95. It is almost certain. If you are ready to believe in it, please take out five
gloves instead of 21. And if you are not ready, take out... six. The theory of
probability practically guarantees the success. This case is funny and more a
game than a problem, but here we provide serious tasks that might be solved:

e Determine the minimal amount of medical supplies for a city such that will
be certainly enough in the case of a natural disaster typical for the given
region.

e How many portions of chicken or fish should be prepared for a flight meal
that will almost certainly guarantee absence of displeased passengers?

e How many employees should be in a bank office in order to guarantee that
queues of customers will happen very rarely?
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e How much cash should be loaded into an ATM machine that it almost
certainly will be enough for a workday?

e Determine a minimal insurance payment that an insurance company needs in
order to almost certainly get a calculated profit.

Instead of determined but meaningless answers the probability theory often
gives reasonable and practically certain answers.

4. Overestimating the combinatorics.

One common wrong tendency is that many teachers overestimate the role of
combinatorics when teaching the probability theory. Often teachers formally
state facts and formulas from combinatorics and then suggest problems that
contain the word “probability” as examples to apply the formulas.

Example. Pinocchio has 4 silver coins and 2 gold coins in his right pocket. Not
looking he moves three of these coins to his left pocket. Find the probability of the
fact that both gold coins are now in the same pocket.

This problem appeared in different formulations in many textbooks and exams

and provoked a lot of discussions. As we found, many specialists consider it as a

combinatorial problem with the following solution.
The total number of combinations of three out of six coins is (g} One can choose
two gold coins out of two and one silver out of four and place them into the left
pocket by @@ different ways. The number of ways to place chosen coins into
the right pocket is the same. So one gets:

231 _2-14_2

[6) 20 5

3

p:

This is a typical manifestation of the common problem: in universities the
probability theory is often taught as an application of combinatorics and this
approach is being projected on schools. Let us give an appropriate solution.

Assign to the gold coins numbers 1 and 2. Suppose that the coin #1 comes to some
pocket. Two randomly chosen coins out of five remaining might get to that pocket.

2
Hence the probability for placing the coin #2 to the same pocket equals E

It is important to note that the absence of combinatorics does not narrow the area
of problems. The combinatorics should play an auxiliary role in the probability
theory; it is needed when vast probability spaces come into play.

5. Forecasting.
Here is another textbook problem.
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Two companies assemble computers. The first company uses cheap details whose
probability to break is 2.4%. The second company uses details of good quality.
Their probability of malfunction is 0.6%. The first company had sold 6000
computers, second 22500 computers. Which company will receive more complaints
about quality of their production?

Solution. Let x, be the number of malfunctioning computers made by 1st company,
X, by 2nd company.

Then — =0.024; —2— =0.006. S0 X, =144; x, =135, X >X,.
6000 22500
One can see some carelessness in posing the problem. But even disregarding the
absence of rigorousness in the condition, and leaving only the essence of the
problem, one must admit that this problem and its solution are not stated
correctly. The correct answer to this problem in the form in which it was posed

can be only one: it is unknown which company will receive more complaints.

Where is the mistake? Authors of the problem use mechanistic approach and
consider mean values of quantities as if they were certain values. 144 and 135
are not x, and x,, but their mathematical expectations, i.e. theoretical mean

values. It is more probable that the 1st company will receive more complaints.
Our intuition suggests that and it can be proven. But intuition also says that
averages 144 and 135 are close enough, while distributions of both quantities are
large, therefore in reality 2nd company can obtain more complaints.
Calculations show that the probability of event x, >x, is 0.696, of x, <x, is

0.283 and there also exists the event x =x, with probability 0.021. One can
discard the event x =x, as unlikely, but the event x, <x, (2nd company gets

more complaints) is quite possible. One cannot state with assurance that the first
company will receive more complaints.

6. A volume of a random sample.

From a paper written by a math teacher and included into a textbook published
by the institute of development of education of Yakutia we took a lesson about
sample surveys. Here we provide its fragment omitting unimportant moments.

There is a difficulty assessing the level of knowledge for 9th grade students in some
region of Russia, say, in the Sakha republic (Yakutia). It is obvious that for valid
results of such assessment the participation of 9th grade students from the whole
region is necessary. Assume that we gave a test that consists of six problems and
calculated how many students solved correctly some number of problems. ... In
order to obtain completely reliable information on the subject it is enough to make
a sample survey and check the knowledge level of a relatively small part of
students. In such situations usually 5 — 10 % of all target population is measured.
Let the number of 9th grade students in some small rural area be 716. Then choose
randomly from them 50 students (6,9 %).
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Where is the mistake here? In real life in order to achieve a valid result while
studying a vast target group, specialists take a sample of some determined
volume that does not depend on the number of members in the target group. It is
not correct to measure the volume of a sample as a portion of such group. If
there are 716 students in the region, then one needs a sample with volume much
bigger than 50 people. But if we consider, say, 70000 students, then it is enough
to survey 1600 of them (for the given accessible error and reliability), not
bothering about what part of the target group it makes.

AND WHAT IS GOING ON IN OTHER COUNTRIES?

Above we already said that in many countries the probability theory and
statistics were included into school curriculums for a long time. But
misunderstanding of methods and misinterpretation of facts of probability also
often happen. Usually, and one can see it in textbooks, the study is skewed
toward the application techniques of probabilistic methods without
understanding the essence of a problem. Let us give two examples from a large
set.

7. What is more probable?

A working group of an APEC project created a test to check readiness of
students of last years of study to be math teachers. In the section “The
probability theory and statistics” this problem was offered.

A basketball player claims that he hits the basket in average 70 times out of 100.
His trainer wants to check it and finds out that in 100 throws the player hits the
basket only 55 times. What is more probable: that the player overestimates his
achievements and 55 hits is his usual result, or that he says the truth but has no luck
today?

Solution provided by authors. Assume that the probability to hit the basket is 0.7.
Then the standard deviation of the number of hits for 100 throws is

\/100-0.7-0.3 =4.58.

Consider the most probable event “55 hits or less happened while the average
number of hits is 70”. By the Central Limit Theorem, this probability is
approximately equal to the probability of the fact that the random variable &,

55-70

which has standard normal distribution, does not exceed =-3.27.

Now assume that the real average is 55, i.e. the probability of a hit in reality is
close to 55. Then the standard deviation is +/100-0.55-0.45 =4.97 . The probability
of the event “the average is 55 and 70 hits or more happened in 100 throws” is
close to the probability of a random variable & to be not smaller than
70-55

4.97

=3.02.
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Obviously, P(& <-3.27) <P(&£>3.02). Therefore the event “the number of hits is not

smaller than 70 if the average is 55" is more probable than “the number of hits is
not more than 55 if the average is 70”. It looks like the player lies.

A ready recipe has been applied to a more or less natural problem. It seems that
everything is fine. Is a mistake here? No. Here one can see a profound
misunderstanding of obtained results. Why? Let us find these probabilities:

P(£<-3.27)=0.00054,  P(&>3.02)=0.00126.

So the comparison does not make sense. It is the same as seriously consider
which probability is bigger: to meet a wild penguin or a wandering elephant
when walking on streets of London.

8. Amy prepares for an exam.
Here is one more problem from the same source.

Students in your class got a problem: Amy prepares for a math exam and passes a
test each week. Her results (in percents of the maximal grade) are shown in the
table.

Week 1 2 3 4 5
Grade, % 38 63 67 75 71 2
A. Construct the dispersion diagram using data from the table.

(o3}

B. Determine the best model that describes how Amy’s grades change in time.

One student suggested a linear model, another — quadratic model, third —
logarithmic model. Which answer is correct? How to convince other students that
their models do not work?

Suggested solution. A. Considering the distribution diagram, one can see that the
logarithmic model fits because it follows the shape of the diagram. It seems that
Amy’s grades grow more and more slowly with time.

90
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Figure 1

B.The linear model does not work here, because it predicts that soon Amy’s grades
will exceed 100%, which cannot be. The logarithmic model also shows that grades
will exceed 100%, but much, much later; one can think that Amy will finish her
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preparation before that. In the quadratic model the corresponding quadratic
polynomial should have a negative leading coefficient, in which case grades will
decrease from some time moment and reach negative values, which is unlikely.

What is wrong? Authors of the problem did not say anything about the desirable
properties of the model in question: amount of difference between theoretical
and observed values, continuity, possibility to extrapolate etc. If none of
properties is mentioned, then the best model is the exact model, for example, the
table itself. Or one can construct Lagrange polynomial that will pass through all
points of the diagram. There exist many good and different models.

CONCLUSIONS

Authors studied the most general mistakes that appear during teaching in
schools, processing data obtained from Russian schools and from some foreign
sources. We had found that typical mistakes come from the deficiency or
absence of traditions of teaching stochastic in schools. As the experience shows,
direct adaptation of university courses on probability and statistics to school
curriculums does not produce desired results but often leads to vast
misconceptions. Despite the increase in volume of good quality textbooks,
educational and methodical literature we observe stable existing mistakes in
teaching. Frequency of these mistakes increases with growth of the number of
school teachers who specialize in the probability theory and statistics.

Once the most common mistakes based on misconceptions of random events,
wrong approach to the interpretation of random characteristics, not critical use
of algorithms are found and determined, it would not be difficult to develop
compensating techniques aimed on correcting said misconceptions. Recently
such work takes place as a part of teachers’ vocational courses in many regions
of Russian Federation. Authors came to the conclusion about necessity of vast
increase of publications on the considered area of problems in methodological
literature for teachers.
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LANGUAGE IN CHANGE:
HOW WE CHANGED THE LANGUAGE OF MATHEMATICS
AND HOW THE LANGUAGE OF MATHEMATICS CHANGED US

Ladislav Kvasz
Charles University in Prague, Czech Republik

Mathematics is usually understood as the language of science. It is seen as a tool
by means of which disciplines like physics or economics reach their exactness.
We are therefore often not paying attention to the fact that mathematics itself
has its own linguistic dimension: the same mathematical content can be
expressed in many different ways. These different ways of expression come
clearly to the fore in the study of the historical development of a particular
mathematical discipline. In texts that come from the past the same or very
similar mathematical contents are usually formulated in strikingly different
ways. We see that the language in which the texts are coined changed. But what
exactly can change in the language of such an exact discipline as mathematics?

To see the linguistic changes more clearly it is useful to look at one of the oldest
surviving mathematical texts—the Rhind Papyrus. If we compare this text with
our contemporary mathematical practice, we will notice several deep
differences. In order to capture them in a systematic way, we can introduce Six
important features of the language of mathematics—the logical power, the
expressive power, the methodological power, the integrative power, the
explanatory, and the metaphorical power. These features are not taken at
random. On the contrary, they characterize one important pattern of change that
occurred several times in the development of mathematics.

In the course of the history of mathematics we witness a gradual increase of
logical power (we can prove much stronger theorems), increase of expressive
power (we can study more complex phenomena), increase of methodical power
(we develop stronger analytic methods), increase of integrative power (our
theories display deeper unity), increase of explanatory power (we can explain
our previous failures), and increase of metaphorical power (we can apply the
language to unforeseen situations). In order to obtain a better understanding of
these changes, | will illustrate the increase of the six features on the transition
from the synthetic geometry of the ancient Greeks to the algebra of the Arabic
and early modern period.

Nevertheless, as philosophers we cannot be satisfied by discovering of some
regularities in the development of mathematics. Our task is to try to understand
how these regularities are constituted. For each of the six features mentioned
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above we shall therefore try to identify the particular linguistic innovation by
means of which it was formed. Thus we will try to find an explanation of how
the language of mathematics achieved its logical power, expressive power,
methodical power, etc. It will turn out that, due to the strict requirements on
logical consistency and exactness, there are very limited possibilities how
mathematicians can change the language of their discipline. An identification of
them enables us to understand the sources of the huge impact which
mathematics had on western culture in general, and on science in particular.

1 The Rhind papyrus
The Rhind papyrus is one of the oldest surviving mathematical texts.

The manuscript that is kept in the British Museum in London was written in the
18" century B.C. and it is a copy of an even older original. Let us take the
following problem from it:

‘Find the volume of a cylindrical granary of diameter 10 and height 10.
Take away 1/9 of 10, namely 1 1/9;

the remainder is8 2/3 1/6 1/18.

Multiply 8 2/3 1/6 1/18 times 8 2/3 1/6 1/18;

it makes 79 1/108 1/324 times 10;

it makes 790 1/18 1/27 1/54 1/81 cubed cubits.

Add 1/2 of it to it;

it makes 1185 1/6 1/54, its contents in khar.

1/20 of this is 59 1/4 1/108.
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59 1/4 1/108 times 100 hekat of grain will go into it.’
(Fauvel and Gray 1987, p. 18)

This text is fascinating—it is so different from anything to what we are used in
mathematics today. The text is so incredibly old, and still when we read it we
clearly recognize it as a mathematical text. It poses a problem and solves it—just
like any mathematical texts does. But at the same time, despite this fundamental
similarity we have also a strange feeling. This feeling is an important clue
because a feeling is a spontaneous reaction of the mind. As philosophers we
have to try to articulate, analyze and understand our feelings. So let us try to
describe as precisely as we can, in what respect does this text from ancient
Egypt differ from our contemporary mathematical practice.

Several historians of mathematics tried to articulate this difference. For instance
Jeremy Gray wrote:

“However, the differences between Greek and Babylonian or Egyptian mathematics
of around 300 BC are manifest. The Greeks were doing geometry, they were
proving things, their methods were deductive and there are signs of a lively interest
in questions of rigor and logical validity. The Babylonians, on the other hand, had
procedures but no proofs.” (Gray 1979, p. 3 — stress added)

“For these reasons rhetorical algebra [Babylonian mathematics] is without
proofs and can accommodate different and incompatible answers.” (p. 5) “The
disadvantages of rhetorical algebra are that it is difficult to think in it for an
extended period, that it is non-explanatory, and that it even contains
contradictory estimates of areas and volumes.” (p. 14) But where the historian
stops, the philosopher begins. We have to reach a conceptual understanding of
these differences, i.e. to create concepts that would enable us to understand their
nature and origin. So let us start with a systematization of the differences. Gray
mentioned three of them, but some important differences have to be added.

First of all the text lacks any trace of a proof. In contemporary mathematics we
prove every theorem that we state. For us mathematics is to a great extent
synonymous to proving. The author of the Rhind papyrus, on the other hand,
does not make any attempt to prove the correctness of his solution. He simply
states it. The second sense in which the text differs from our practice is that it
lacks generality. In mathematics we try to present our results in maximal
possible generality, to state them for the broadest possible range of values. The
above text, on the contrary, presents the solution of the problem only for
particular values of the parameters, without any attempt to generalize it.

The third important difference is the ad-hoc nature of the solution—the text
lacks any method. In contemporary mathematics we are concerned with
developing and standardizing methods, by means of which we can solve widest
possible classes of problems. Here we cannot decipher any trace of this concern.
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The solution of the problem is presented without any methodical concern. A
fourth difference consists in how the papyrus is organized. The problems lack
any integration into a system. In contemporary mathematics we classify the
problems that we can solve into a system in order to see the effectiveness of the
different methods of solution. In the papyrus, on the other hand, we see no such
integration. The problems are listed, one after the other, without any attempt to
classify them. The results of different problems are sometimes even
incompatible.

The fifth difference can be seen in the total lack of explanation. In
contemporary mathematics we are interested first of all in understanding why
things are as they are. We are not satisfied with a solution until we understand
why it works. In the papyrus, on the other hand, no attempt of any explanation is
made. We are not told why the steps of the calculation are taken. They are
simply made, without any explanatory comment. The sixth difference, to which
| would like to draw attention, is the lack of metaphoric meaning. The
language of modern mathematics, despite its exactness and logical strictness,
uses many metaphors. The number zero is considered an even number; straight
lines are considered as going to infinity; negative numbers are considered to
have square roots. These and many other metaphoric uses give the language of
mathematics its flexibility. The Egyptian text, on the other hand, does not make
used of metaphors. It is straightforward; the words mean what they stand for.

These six points, or at least some of them, concern not only the Rhind papyrus,
but also many other historical texts. Perhaps some other differences could be
found but I will end my list here. The six features mentioned above were
discovered in the course of a systematic analysis and comparisons of several
texts from the history of mathematics. | have chosen the papyrus only because,
due to its age, the six features are particularly conspicuous. Nevertheless, they
characterize rather well ancient mathematical text. The old texts usually lack, or
at least display to a much lesser degree, the six above features. Of course, it is
not them, who lack these features; it is rather us, who gained them.

2 Potentialities of the language of mathematics

After systematization we can turn to the second step, which consists in trying to
understand the source of this lack of proof, lack of generality, lack of
explanation, etc. in the old texts. After a while we will probably realize that it is
their language. The language in which the older texts are formulated simply
does not make it possible to prove, to generalize, or to explain in the way as we
are used to do today. So we can interpret the above-mentioned differences
between our and the Egyptian mathematical practice, as differences in the
potentialities of the language of mathematics. By turning to language we can
reach a conceptual understanding of the historical phenomena mentioned above.
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One possible way to describe the development of mathematics is to describe the
development of its language. We can characterize the language of mathematics
of a particular period of time by means of the six features mentioned above.
These features are not arbitrarily chosen; on the contrary, | believe, that they
represent six basic properties of the language of mathematics. Taken together
they unequivocally characterize the language of mathematics of a particular
historical period. They are:

1. Logical power — how complex formulas can be proven in the language,

2. Expressive power — what new things can the language express, which were
inexpressible in the previous stages,

3. Methodical power — which methods enables us the language to introduce
there, where on the previous stages we saw only several unrelated tricks

4. Integrative power — what sort of unity and order the language enables us to
see there, where we perceived just unrelated particular cases in the previous
stages,

5. Explanatory power — how the language can explain the failures which
occurred in the previous stages,

6. Metaphorical power — which shows how the language, by transgressing the
rules of its own syntax, can create analogies for situations that defy normal
expression

It is important to realize that these features are fully objective attributes of a
particular language. They are not related to the psychology of mathematical
discovery or to the sociology of the linguistic community. Independently of how
was the language discovered and for what purposes it is being used, the question
“which propositions can be proven”, “which things can be expressed”, “which
problems can be solved”, etc. is an objective property of the historically existing
language itself. The language has its syntactic and semantic rules and these rules

determine what we can prove, express, or solve.

The evolution of mathematics consists in the growth of the logical and
expressive power of its language—the later stages of development of the
language make it possible to prove stronger theorems and to describe wider
range of phenomena. The methodical and the integrative power also gradually
increase—the later stages of development of the language enable us to solve
wider classes of problems by means of standard methods and offer a more
unified view of its subject matter. The explanatory and the metaphorical power
of the language also increase—the later stages of the development of
mathematics offer a deeper understanding of its methods and provide us with
powerful metaphors that shed light on new situations. I call the six features as
“potentialities of the language of mathematics”, because they express different
things that the language enables us to do.
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We can illustrate the growth of the logical, expressive, methodical, integrative,
explanatory, and metaphorical power of the language of mathematics on the
case algebra. It is worth mentioning, that two of these potentialities, the
methodical and the metaphorical power are not discussed in the Patterns of
Change. They present a further step in the development of this theory.

3 The example of algebra

In order to see more clearly that the six potentialities are indeed characteristics
of the language of mathematics it is useful to examine in detail one particular
example—the example of algebra. On the one hand, algebra is sufficiently
complex to offer interesting illustrations of the six potentialities. On the other
hand, at least substantial parts of algebra still belong to elementary mathematics,
and so the illustrations are sufficiently simple to be accessible to the general
public.

Algebra is a creation of the Arabs. The ancient Greeks did not develop the
algebraic way of thinking. This does not mean 